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I.  INTRODUCTION 

One of the  basic  structural  elements  used  for  exterior  skin 

surfaces  of  flight  vehicles  is  the  flat  rectangular  panel.  The  flutter, 

or  dynamic  instability,  of  such  panels  when  exposed  to  a  supersonic 

flow  has  received  considerable  attention  since  the  appearance  of  the 

pioneering  works  of  Hedgepeth  (ref. 1) and  Movchan  (ref. 2). 

A. Elastic  and  Inertia  Considerations 

Most  papers  in  the  literature  have  dealt  with  homogeneous 

isotropic  and  orthotropic  panels.  However,  high-efficiency  structural 

configurations  for  supersonic  vehicles  may  incorporate  sandwich  type 

panels  having  lightweight  orthotropic  cores  such  as  honeycomb.  Such 

panels  often  exhibit  properties  which  are  not  accounted  for  by  classi- 

cal  plate  theory.  The  primary  difference  between  a  homogeneous  and  a 

sandwich  type  panel  is  that  the  sandwich  panel  may  experience  signifi- 

cant  transverse  shear  deformations  due  to  the  lightweight  (low 

stiffness)  cores  that  are  often  used.  In  homogeneous  panels,  this 

shearing  deformation  is  usually  negligible. 

The  first  analytic  work  dealing  with  the  flutter  of  sandwich 

panels  appeared  in  1964  in  a  report  by  McElman  (ref. 3 ) .  This  analysis 

dealt  with  simply  supported  flat  and  cylindrically  curved  sandwich 

panels  for  which  a  two-term  (mode)  Galerkin  solution  was  obtained.  In 

the  case of  homogeneous  panels,  this  type  of  solution  was  known  to  give 

qualitatively  correct  trends,  but  was  not  adequate  (using  only  two 

modes)  to  predict  reliable  quantitative  results  (ref. 1). One  of  the 

qualitative  results  of  reference 3 was  that  the  transverse  shear 



f l e x i b i l i t y   o f   a n   i s o t r o p i c   c o r e   c o u l d   s i g n i f i c a n t l y   r e d u c e   t h e  

dynamic p r e s s u r e   r e q u i r e d  f o r  f l u t t e r .  

I n  1965 an  exact c losed  form  solut ion was publ ished by  Anderson 

( r e f .  4) f o r   t h e   f l u t t e r   o f  a f l a t  rec tangular ,   i so t ropic   sandwich  

panel   having  s imply  supported  or  clamped l ead ing   and   t r a i l i ng   edges  and 

s imply   suppor ted   s ide   edges .   This   inves t iga t ion   conf i rmed  the   s ign i f i -  

c a n c e   o f   t h e   i s o t r o p i c   c o r e   s h e a r   f l e x i b i l i t y  and showed t h a t   t h e  two- 

mode Galerk in   so lu t ion   of   re fe rence  3 became p rogres s ive ly  less accura te  

as t h e   c o r e   s h e a r   f l e x i b i l i t y   i n c r e a s e d .  The theory   deve loped   in  

r e fe rence  4 was employed i n   r e f e r e n c e  5 where  numerical r e s u l t s   f o r  a 

wide range  of   panel   parameters  were presented   for   the   s imply   suppor ted  

edge  condi t ion.  

The n u m e r i c a l   r e s u l t s   o b t a i n e d   i n   r e f e r e n c e s  4 and 5 ind ica t ed  

tha t   t he   pane l   t heo ry  upon  which they  were based  might  be  inadequate 

f o r   c e r t a i n   r a n g e s   o f   p a r a m e t e r s .   T h e s e   r e s u l t s  showed tha t   unde r  

c e r t a i n   c o n d i t i o n s   i n v o l v i n g   f i n i t e   c o r e   s h e a r   s t i f f n e s s ,   a n   i n c r e a s e  

i n   s h e a r   s t i f f n e s s  o r  boundary r e s t r a i n t  would cause   t he  dynamic p res -  

s u r e   r e q u i r e d   f o r   f l u t t e r   t o   b e   r e d u c e d   r a t h e r   t h a n   i n c r e a s e d .  Because 

of t hese   unexpec ted   r e su l t s ,  i t  was sugges ted   tha t  a more r e f i n e d  

theory  descr ibing  the  panel   motion  might   be  necessary.   For   instance,  

one  of   the  assumptions  of   the   panel   theory  used  in   reference 4 i s  t h a t  

t h e  faces behave as membranes ( i . e . ,  t he   f ace   shee t   bend ing   s t i f fnes s  

i s  neglec ted) .   Consequent ly ,   the   govern ing   d i f fe ren t ia l   equa t ions   tu rn  

o u t   t o   b e   s i x t h   r a t h e r   t h a n   e i g h t h   o r d e r ,   w i t h  a r e s u l t i n g   l o s s   o f   o n e  

boundary  condi t ion  per   panel   edge.  An add i t iona l   r e f inemen t   i n   t he  

theory ,   sugges ted   in   re fe rence  5, would be   t o   accoun t   fo r   t he   ro t a ry  

2 



I 

i n e r t i a .  The inc lus ion   of  e i t h e r  t h e   t r a n s v e r s e   s h e a r   f l e x i b i l i t y  o r  

t h e   r o t a r y   i n e r t i a   i n   t h e   a n a l y s i s  w i l l  lower  the  in-vacuo  panel  bend- 

ing   f requencies .  The s imul t aneous   i nc lus ion   o f   bo th   t he   shea r   f l ex i -  

b i l i t y  and t h e   r o t a r y   i n e r t i a ,   w h i l e  s t i l l  a f fec t ing   the   bending   mot ion ,  

w i l l  a l s o  admit two additional  motions.   These  motions,   which were 

d e s c r i b e d   i n   r e f e r e n c e  6 f o r  a homogeneous i s o t r o p i c   p l a t e ,  are termed 

the   t h i ckness - shea r  and th i ckness - twi s t  modes. In   genera l ,   bo th   o f  

these   mot ions   p roduce   t ransverse   def lec t ions   (perpendicular   to   the   pane l  

sur face)  and influence  the  aerodynamic  loading. The ques t ion  i s  whether 

t hese   add i t iona l   mo t ions   can   s ign i f i can t ly  a l t e r  t h e   f l u t t e r   s o l u t i o n .  

The f irst  cons idera t ion   of   the   e f fec ts   o f   the   face   shee t   bending  

s t i f f n e s s  was presented by  Smirnov i n   r e f e r e n c e s  7 and 8 f o r  a sandwich 

beam and   pane l ,   r e spec t ive ly .   Unfo r tuna te ly ,   t he   f l u t t e r   ana lys i s   o f  

the   pane l  was based  on  an  incomplete   different ia l   equat ion  and  the  solu-  

t i o n s   p r e s e n t e d   a r e   c o r r e c t   o n l y   f o r   s p e c i a l  cases. 

F lu t te r   boundar ies   for   sandwich   pane ls   having   or thot ropic   shear  and 

bending  s t i f fnesses   have  been  presented by Weidman ( r e f .  9) f o r  a simply 

supported  panel .  A s  i n   r e f e r e n c e  3 ,  t h i s   a n a l y s i s  i s  based  on a. two- 

mode Galerk in   so lu t ion  and g i v e s   o n l y   q u a l i t a t i v e   t r e n d s .  

B .  Aerodynamic  and Damping ~~ Considerat ions 

A s  i n   r e f e r e n c e s  1, 3 ,  4,  and 5, t h e   f l u t t e r   a n a l y s i s   p r e s e n t e d  

h e r e i n   n e g l e c t s  a l l  damping f o r c e s  and i s  based  on a simple two- 

dimensional s t a t i c ,  inv isc id   approximat ion   for   the   aerodynamic   forces .  

In   th i s   approximat ion   the   aerodynamic   loading  i s  p r o p o r t i o n a l   t o   t h e  

in s t an taneous   s lope   o f   t he   pane l   t aken   i n   t he   d i r ec t ion   o f   t he   a i r f low.  

The ana lyses   o f   re fe rences  2 ,  7 ,  and 8 are  based  on a two-dimensional 
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quasi-steady aerodynamic  approximation.  This  has  the  same  mathematical 

form as  the  static  approximation  except f o r  an additional  term  which  is 

proportional  to  the  panel's  transverse  velocity  and  represents  an  aero- 

dynamic  damping  force.  Flutter  boundaries  based on these  static  and 

quasi-steady  aerodynamic  theories  have  recently  been  compared  with 

results  obtained  from  linearized  three-dimensional,  unsteady,  inviscid 

(exact)  aerodynamic  theory  (refs. 10 and  11). 

For  unstressed  homogeneous  panels,  all  three  theories  predict 

nearly  the  same  flutter  dynamic  pressure  for  Mach  numbers  greater  than 

about  1.6  and  for  length-width  ratios  from 0 to  at  least 6 .  For  Mach 

numbers  less  than  1.6  and  for  length-width  ratios  less  than  about  2,  the 

"exact"  theory  predicts  significantly  lower  flutter  dynamic  pressures 

than  the  other  two  theories.  These  lower  values  are  due  to a  so-called 

single-degree-of-freedom  instability  and  are  very  sensitive  to  struc- 

tural  damping.  (The  other  two  theories  do  not  predict  this  type  of 

instability.)  For  these  low  Mach  numbers  all  three  theories  tend  to 

predict  flutter  boundaries  that  disagree  with  experimental  results. 

This  disagreement  is  apparently  due,  in  part,  to  the  stabilizing  effect 

of  the  turbulent  boundary-layer  that  occurs  in  this  range of  Mach  num- 

bers  and  length-width  ratios  (refs. 12 and  13).  For  the  higher  Mach 

number  range  (greater  than  1.6)  where  the  theoretical  results  agree, 

there  is  also  fairly  good  agreement  with  experimental  results  (obtained 

at  Mach  numbers  from 2 to 5 and  length-width  ratios  from 0 to  10, 

ref. 11). For  panels  that  are  unstressed o r  are  in  tension,  the  results 

presented  in  references 10 and  11  also  indicate  that,  for  the  higher 
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Mach number r a n g e ,   t h e   f l u t t e r   b o u n d a r i e s  are i n s e n s i t i v e   t o   e i t h e r  

s t r u c t u r a l  o r  aerodynamic  damping. 

For compress ive ly   s t ressed ,   unbuckled   pane ls ,   the   resu l t s   o f  

references  10  and 11 i n d i c a t e   t h a t   f o r  Mach numbers g rea t e r   t han   abou t  

1 .6 ,   t he   quas i - s t eady   and   exac t   t heo r i e s   p red ic t   f l u t t e r  dynamic p res -  

s u r e s   t h a t  compare v e r y   s a t i s f a c t o r i l y .  The s ta t ic  aerodynamics  also 

g i v e s   e s s e n t i a l l y   t h e  same r e s u l t s   e x c e p t  when compressive stresses 

cause  the  in-vacuo  values   of  two bending   f requencies   to  become equal .  

When t h i s   o c c u r s ,  a zero-dynamic-pressure   f lu t te r   po in t  i s  p red ic t ed  by 

the   s t a t i c   ae rodynamics .  If the   s t r e s s   l eve l s   p roduc ing   t hese   equa l  

f requencies  are l e s s   t han   t he   buck l ing  stress, then   t he   quas i - s t eady  and 

exac t   t heo r i e s   p red ic t  small bu t   nonze ro   f l u t t e r   va lues   o f  dynamic 

p res su re .  (The ze ro   po in t s   p red ic t ed  by t h e  s ta t ic  theory  are prevented 

by the  aerodynamic  damping.j However, even   t hese   nonze ro   f l u t t e r  

dynamic p r e s s u r e s   s i g n i f i c a n t l y   u n d e r e s t i m a t e   e x p e r i m e n t a l   r e s u l t s  

( r e f .   1 1 ) .   I n   f a c t ,  when an  equal-frequency stress l eve l   co inc ides   w i th  

t h e   t r a n s i t i o n - p o i n t   v a l u e   o f   s t r e s s   ( b u c k l i n g   p o i n t   o f   t h e   f l u t t e r  

boundary)  even  the  quasi-steady  theory  predicts  zero-dynamic-pressure 

f l u t t e r   ( r e f .   1 0 ,   f i g s .  4 and 5 ) .  

In   re fe rence   10  it i s  shown tha t   r ea sonab le   quan t i t a t ive   ag reemen t  

between  theory  and  experiment  can  apparently  be  obtained  near  equal- 

f r equency   s t r e s s - l eve l   cond i t ions ,  by the  use  of   quasi-s teady  aerody-  

namics, i f  a s t r u c t u r a l  damping term (g ) assoc ia t ed   w i th   t he   pane l  

bending stress is  i n c l u d e d   i n   t h e   a n a l y s i s .   I n   t h i s   a p p r o a c h   t h e   z e r o -  

dynamic -p res su re   va lues   fo r   t r ans i t i on -po in t   f l u t t e r   do   no t   occu r .  The 

r e a s o n   f o r   t h i s   b e h a v i o r  i s  not   completely clear though  s ince   the  
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f u r t h e r   a d d i t i o n   o f  a s t r u c t u r a l  damping term (g,) a s soc ia t ed   w i th  

stresses produced  by  in-plane  loads  gives ,   for  gg = g f l u t t e r  bound- 

aries which   aga in   have   zero-dynamic-pressure   va lues   for   t rans i t ion   po in t  

f l u t t e r .  

" 

To r e c a p i t u l a t e ,   e x c e p t   f o r  cases where  compressive  s t resses   cause 

two in-vacuo  bending  f requencies   to   have  near ly   the same va lue ,   t he  

simple s ta t ic  aerodynamic  approximation  gives   near ly   the same r e s u l t s  

as the   quas i - s t eady  and "exact"   aerodynamic  theories   for  Mach numbers 

grea te r   than   about   1 .6 .  I t  seems l i k e l y   t h e n   t h a t   t h e   r e s u l t s   p r e s e n t e d  

he re in  would n o t   b e   s i g n i f i c a n t l y   a l t e r e d ,   i n  most  cases, by the   use   o f  

t he  more refined  aerodynamics.   For  those cases of  near ly   equal   in-vacuo 

bending  frequencies,  however, i t  would be  appropriate   to   supplement   the 

p re sen t   ana lys i s   w i th  a cons idera t ion  o f  damping f o r c e s .  

C .  Scope  and  Purpose  of  Investigation -~ ~~ ~ 

I n   t h i s   i n v e s t i g a t i o n   a n   a n a l y s i s  i s  p resen ted   fo r   t he   supe r son ic  

f l u t t e r   b e h a v i o r   o f  f l a t  rec tangular ,   b iax ia l ly   s t ressed   sandwich  

panels .  The mathematical model of   the  panel   accounts   for   the  bending 

s t i f f n e s s e s   o f   d i s s i m i l a r   f a c e   s h e e t s ,   r o t a r y   i n e r t i a ,  and the   o r tho -  

t rop ic   t r ansve r se   shea r   s t i f fnes ses   (modu l i )   o f   co res   such   a s  honeycomb. 

In   the  absence  of  damping fo rces ,   fo r   s imp ly   suppor t ed   edges   pa ra l l e l   t o  

t he   a i r f low,  and for   the   s ta t ic   aerodynamic   loading   approximat ion ,   an  

exact   c losed  form  solut ion  to   the  problem i s  ob ta ined   fo r   pane l s   w i th  

ei ther   s imply  supported  or  clamped l ead ing   and   t r a i l i ng   edges .  The 

purpose of t h e   i n v e s t i g a t i o n  i s  t o   d e t e r m i n e   t h e   e f f e c t s  and importance 

of t h e  face b e n d i n g   s t i f f n e s s ,   r o t a r y   i n e r t i a ,  and c o r e   s h e a r   s t i f f n e s s  

or thot ropy  on t h e   p a n e l ' s   f l u t t e r   b e h a v i o r .  
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11. ANALYSIS 

In   t h i s   chap te r   t he   p rob lem is  defined  and  solved. The s o l u t i o n  

i s  found t o   t a k e  on d i f fe ren t   forms   accord ing   to   whether   the   pane l   has  

an   o r thot ropic  o r  i s o t r o p i c   c o r e ,  o r  whe the r   t he   l eng th -wid th   r a t io  i s  

zero (beam behavior ) .  

A .  . .  Panel  Configuration and Di f f e ren t i a l   Equa t ions  

The panel   configurat ion  and  coordinate   system are shown i n  

f i g u r e  1. The panel  i s  f l a t  and i s  of   length a and  width b.  The 

panel  i s  subjec ted   to   un i form,   cons tan t   magni tude   in -p lane   force   resu l -  

t a n t s  Nx and N (pos i t i ve   i n   compress ion ) .  The in -p lane   shea r   fo rce  

r e s u l t a n t ,  Nxy, i s  assumed t o  be  zero.  A t  Mach number M, the   f low i s  

over   one  surface  of   the  panel ,  i s  p a r a l l e l   t o   t h e   x - a x i s ,  and i s  

supersonic.   Simply  supported  edges  are assumed a t  y = 0 and y = b. 

Y 

The core  i s  of   uniform  thickness  and may posses s   o r tho t rop ic ,  

t r a n s v e r s e   s h e a r   s t i f f n e s s e s  (DQ,,  DQ,) . I t s  p l anes   o f   o r tho t rop ic  

symmetry are p a r a l l e l   t o   t h e   c o o r d i n a t e   p l a n e s .  The f a c e   s h e e t s   a r e  

i so t rop ic   bu t   need   no t   be   i den t i ca l  (modulus, dens i ty ,  and th i ckness  may 

d i f f e r   b u t   P o i s s o n ' s   r a t i o  i s  assumed t o  be  the same f o r   b o t h   f a c e s ) .  

The geometry  of t he   co re  and f ace   shee t s  i s  i l l u s t r a t e d   i n   f i g u r e  2 .  

The q u a n t i t i e s   d l ,   d 2 ,  o r  E l o c a t e   t h e   e l a s t i c   a x i s .   S t i f f n e s s  and 

i n e r t i a   p r o p e r t i e s  are g i v e n   i n   t a b l e  I of  appendix A.  

The ex tens iona l   s t i f fnes s   o f   t he   co re  i s  assumed t o  be much less 

t h a n   t h a t  of t h e  face s h e e t s   ( i . e . ,   t h e   c o r e   c o n t r i b u t i o n   t o   t h e   o v e r a l l  

pane l   bending   s t i f fness  i s  n e g l e c t e d ) .   A l s o ,   t r a n s v e r s e   s h e a r   s t r a i n s  

i n   t h e  faces and a l l  normal s t r a i n s   i n   t h e   z - d i r e c t i o n   a r e   n e g l e c t e d .  
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Figure  1,-  Panel  configuration and coordinate system. 

8 



1 
Z 

t 
dl 

1 
f 
d2 

c/2 
L 

"- 

FACE I 

CORE 
" - C 

t -X 

FACE 2 

Figure 2.- Geometry o f  pane l   faces  and co re .  
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The  panel  face  sheets  are  considered  to  be  thin  plates  rather  than 

membranes;  thus,  their  bending  stiffness  contributes  to  the  equilibrium 

of  forces  in  the  z-direction  (V4w  term  in  eq. (la)). 

For the  configuration  described,  an  appropriate  set  of  differential 

equations of  motion  can  be  obtained  from  either  of  the  sandwich  panel 

theories  presented  in  references 14 and  15.  This  is  done  by  incorpor- 

ating  the  effect  of  face  sheet  bending  deformations  in  the  sandwich 

panel  theory of  reference  14, o r  by  incorporating  the  effect of  ortho- 

tropic  core  shear  moduli  in  the  theory  of  reference  15.  With  these 

modifications,  and  with  the  addition  of  rotary  inertia  terms  (see 

appendix A), both  theories  yield  the  following  equations of  motion. 

For equilibrium  of  forces  in  z-direction: 

For equilibrium  of  moments  about y- and x-axes,  respectively: 

Qx 1 
-W - w  YXYY  ,xxx D, D - - + - [a,,,,, + 2 Qx,yy l-lJ 1 

QX 

+" 1 +!J QY,XY +- 

2 D  Qy Ds Io (w,. -5) D Q ~  ,tt = 0 (lb) 

-W - w  
,YXX YYYY D~ 
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D S  

1-I 

t 

I O  

t r a n s v e r s e   d e f l e c t i o n  

t r ansve r se   p re s su re   l oad ing  

pane l   bend ing   s t i f fnes s   due   t o   t he   ex t ens iona l   s t i f fnes ses  of 
t h e   f a c e   s h e e t s  

P o i s s o n ' s   r a t i o   o f   t h e   f a c e s  (assumed equal  f o r  bo th   faces)  

time 

mass d e n s i t y  moment o f   i n e r t i a ,   p e r   u n i t   w i d t h ,   o f   t h e  face 
s h e e t s   a b o u t   t h e  e las t ic  a x i s  

In   equat ions   ( Id)   and   ( le )   the   in -p lane   iner t ia   has   been   neglec ted .  

The last  term in   each   o f   equa t ions   ( l b )  and ( I C )   r e p r e s e n t s   t h e   r o t a r y  

i n e r t i a  moment a b o u t   t h e   e l a s t i c  axis.' I t  i s  assumed t h a t   t h e  

z -coord ina tes   o f   the  e las t ic  axes  and the   cen te r s   o f  mass coinc ide .  

This   condi t ion  i s  s a t i s f i e d  i f  t h e  face s h e e t s  are o f   i d e n t i c a l  material, 

o r  i f  they   have   equa l   r a t io s   o f  Young's  modulus t o   d e n s i t y ,  E f / p f .  ( I f  

t h i s   c o n d i t i o n  i s  n o t   s a t i s f i e d ,   e q u a t i o n s   ( l b )  and (IC)  couple   dynamical ly  

with  equat ions  ( Id)  and ( l e ) ,   r e spec t ive ly   ( s ee   append ix  A) .) 
~ ~- 

I A  r e c e n t   f l u t t e r   p a p e r ,   i n  which t h e   r o t a r y   i n e r t i a  moments are 

inco r rec t ly   exp res sed ,  is d iscussed   in   appendix  B.  
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The assumptions Nxy = 0, Nx = cons tan t ,  and Ny = c o n s t a n t   s a t i s f y  

the   in -p lane   equi l ibr ium  equat ions ,   ( Id)   and   ( le ) ,   and   e l imina te   the  

term 2 N  w from t h e  lateral equi l ibr ium  equat ion  (la). The 

unknowns, to   be  determined  f rom  equat ions (la, b y  c), are t h e  l a te ra l  

d e f l e c t i o n  w(x, y, t) and t h e  two shear  angles  QX(x,y,t) /DQ , 

Qy(x ,y , t ) /D~   ( see   eq .   (A l ) ) .  The i n t e r n a l   t r a n s v e r s e   s h e a r   f o r c e  

r e s u l t a n t s  Qx and Qy are dep ic t ed  on t h e  imagined  panel  cutout of 

f i g u r e  1. 

xy YXY 

X 

Y 

The t r ansve r se   l oad ing   p (x ,   y ,   t )  i s  compr i sed   o f   t he   i ne r t i a  

f o r c e  and the   p re s su re   due   t o   supe r son ic   f l ow.  The aerodynamic  loading 

i s  assumed t o   b e   g i v e n  by two-dimensional s ta t ic  aerodynamics so t h a t  

( r e f .  1) 

p = -pmw - 29 w 
, t t  B ,x ( 2 )  

where q i s  t h e  dynamic p res su re ,  B = f i  , and p, i s  t h e   p a n e l ' s  

mass p e r   u n i t   s u r f a c e  area. 

B .  Boundary Condit ions 

Equat ions   ( la ,  b,  and c) c o n s t i t u t e  a system of e igh th   o rde r  

p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s   i n   t h e   s p a t i a l   c o o r d i n a t e s  x and y.  

Corresponding   to   these   equat ions  are four  boundary  conditions  which  must 

be   spec i f ied  a t  each  edge  of   the  panel .   Sets   of   boundary  condi t ions 

cons i s t en t   w i th   t he   a s sumpt ions  upon  which  equations  (1) are based  can 

be  obtained  from  references 14  and  15. The boundary  conditions  used 

h e r e i n ,   i n  terms o f   t he  unknowns w, Qx/D and Q /D , are given  below. 
QX' QY 

1 2  



Simply  Supported  Edges 
a t  x = 0 and a 

Clamped Edges 
a t  x = 0 and a 

w = o  w = o  

w = o  
, x  

For the  s imply  supported  case,   equat ion  (3b)   specif ies   that  no 

moment couple i s  produced by t h e  face shee t   ax i a l   l oads  (whose r e s u l t a n t  

i s  Nx).   Equat ions(3c)   specify  that  no n e t  moment i s  ac t ing   on   t he  

ind iv idua l  face shee t s .   Fo r   t he  clamped condi t ion,   equat ions  (3c)   spec-  

i f y  a zero  edge  s lope;   hence,   equat ions  (3b)   correspond  to  a zero   shear  

ang le   i n   t he   x -d i r ec t ion .   (Equa t ions   (3c )  a r i se  because  the face 

s h e e t s   a r e   t r e a t e d  as t h i n   p l a t e s   r a t h e r   t h a n  membranes as was done i n  

refs. 3, 4, 5, and 9.)  

Since  equat ions  (3a)  are t r u e  a t  a l l  po in ts   o f   the   boundar ies  

p a r a l l e l   t o   t h e   y - a x i s ,  w and w t Y y  are a l s o   z e r o  a t  x = 0 and a .  

This , together   with  equat ions  (3c) ,   a l lows  the  boundary  condi t ions  to   be 

w r i t t e n  as fo l lows .  

, Y  
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Simply  Supported  Edges 
a t  x = 0 and a 

Clamped Edges 
a t  x = 0 and a 

w = o  w = o  

W = o  , xx 

- Qx 
Yx - r= 0 

QX 

w,x = 0 

Q 
D 

yy = .Y = 0 
QY 

Note tha t   equa t ions   (4d )   spec i fy  a ze ro   shea r   ang le   i n   t he  

y-direct ion.   (See  appendix A f o r   t h e   i n t e r p r e t a t i o n  of  t h e   s h e a r  

angles . )  The  boundary  conditions a t  y = 0 and b are obtained  from 

equations  (4) by in te rchanging  x and  y. 

Along the   edges  x = 0 and a, t h e  boundary  conditions  corresponding 

to   equa t ions   ( Id )  and ( l e )   r e q u i r e   t h a t   ( r e f .   1 5 ) :   ( 1 )   e i t h e r  Nx i s  a 

prescr ibed   va lue  o r  t h e   t r a n s l a t i o n a l   d i s p l a c e m e n t   i n   t h e   x - d i r e c t i o n  

i s  zero; (2) e i t h e r  Nxy i s  a p resc r ibed   va lue  o r  t h e   t r a n s l a t i o n a l  

d i sp l acemen t   i n   t he   y -d i r ec t ion  i s  zero .  (The  boundary cond i t ions  a t  

y = 0 and b are obtained by in te rchanging  x and  y.) As n o t e d   e a r l i e r ,  

t he   l oads  N, and Ny are assumed t o  be  prescr ibed  and  the  load NXy i s  

assumed t o   b e   z e r o .  If Nx and Ny are  p resc r ibed   t hen   t he   i n -p l ane  

displacements w i l l ,  in   genera l ,   be   nonzero .  Uniform va lues   o f  Nx and 

NY could  a lso  be  developed by un i fo rm  hea t ing   o f   t he   pane l ,   i n  which 

case   the   in -p lace   d i sp lacements   could   be   zero .  

14 



C .  " Solu t ion   of  " D i f f e r e n t i a l  - ~. Equa t ions   fo r  
~~ 

.~ 

Simply ~. Supported ~~ Streamwise  Edges 

A s  i n   r e f e r e n c e s  4 and 5 t h e   s o l u t i o n s   t o   e q u a t i o n s  (l), which 

sa t i s fy   s imple   suppor t   boundary   condi t ions  a t  y = 0 and y = b, are 

sough t   i n   t he  form 

The c i r cu la r   f r equency  i s  denoted by w, and n i s  an   i n t ege r  

des igna t ing   the  number o f   ha l f - s ine  waves tha t   can  form i n   t h e  

y -d i r ec t ion .  

The ii are   nonrepeated r o o t s  o f   t h e   c h a r a c t e r i s t i c   e q u a t i o n  and 
j 

are t o  be determined. A s  w i l l  b e   s een ,   t he   cha rac t e r i s t i c   equa t ion   has  

e igh t   roo t s ,   t hus   g iv ing  24 va lues  f o r  t h e   c o e f f i c i e n t s  A j ,  B and C 

( j  = 1 t o  8 ) .  However, t h e   c o e f f i c i e n t s  A j ,  B j ,  and C a r e   n o t  a l l  

i ndependen t   quan t i t i e s   s ince   t hey   a r e   r e l a t ed  by t h e   t h r e e   d i f f e r e n t i a l  

j '  j 

j 

e q u a t i o n s   i n  w, Qx, and Q . Hence,  one c o e f f i c i e n t ,   s a y  B j ,  can  be 

expres sed   i n  terms o f   t h e   o t h e r  two (A and C - )  f o r   each   va lue   o f  j . 
These   e igh t   coe f f i c i en t s  (B1 t o  B8) are  then  determined,   within  an 

Y 

j J 

a r b i t r a r y   c o n s t a n t ,  by the  e ight   boundary  condi t ions  ( four  a t  x = 0 

and fou r  a t  x = a )  . 
Subs t i t u t ing   t he   above   expres s ions   fo r  w, Qx and Q i n t o  Y 

e q u a t i o n s   ( l ) ,  and l e t t i n g  

15 
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results  in  the  following  set of three  algebraic  equations. 

where 

Thus,  those  values  of zj which  satisfy  the  determinant  of  the 3 by 3 

matrix  will  determine  the  nontrivial  solutions  to  the  differential 

equations. 

The  dimensionless  parameters  appearing  in  equations (7) and ( 8 )  are 

defined  as 

q = -  a 
b 

N,b2 N yb 
k, = - k = ~- 

T2DS n2Ds 

n2Ds n2Ds 

b2DQx Y b2DQy 
rx = - r = -  



The q u a n t i t y  q is  t h e   p a n e l ' s   l e n g t h - t o - w i d t h   r a t i o ,  kx and ky are 

measures   of   the   in-plane  loads,  rx and r r e f l ec t  t h e   c o r e   s h e a r  

f l e x i b i l i t i e s ,  X c h a r a c t e r i z e s   t h e  dynamic p res su re ,  and x cha rac t e r -  

Y 

i zes  t h e   r o t a r y   i n e r t i a .  The r a t i o   d e s i g n a t e d  by T is  a measure of 

t h e  face s h e e t   c o n t r i b u t i o n   t o   t h e   t r a n s v e r s e   r e s t o r i n g   f o r c e s  and w 
- 

cha rac t e r i zes   t he   pane l   f r equency .  

The pa rame te r s   appea r ing   i n   equa t ions  (9) are a l l  de f ined   i n   t e rms  

of   the   pane l   wid th ,   b .  For l eng th -wid th   r a t io s  n L 1 t h i s  i s  a conve- 

n ien t   form,   bu t   for  17 < 1 it i s  more conven ien t   t o   de f ine  a l l  param- 

eters i n  terms of t he   pane l   l eng th  a .  So, f o r  n < 1 the   fo l lowing  

primed  parameters w i l l  be  used. 

k i  = 

k '  = Y 

I rx = 

1 r =  Y 

x' = 

1 
wo = 

- a '  = 

X' = 

1 

a l l  = 

Nxa 

n2Ds 
= q2kx 

Nya 

n2Ds 
" - n2ky 

n2D, - T X  
a 2D 
" 

QX n 2  

I t  i s  noted   tha t   n2(n2  - X E ~ )  - z 2  appears  as a common f a c t o r   i n  
j 

t h e   c o e f f i c i e n t s   o f  A j  for   both  the  second  and  third  rows  of  

17 



equat ion ( 7 ) .  Also, n appears  as a common f a c t o r   i n   t h e   c o e f f i c i e n t s  

of C j  f o r   b o t h   t h e  f i rs t  and  second  rows  of  equation (7).  This  

where 

The c h a r a c t e r i s t i c   e q u a t i o n   d e f i n i n g   t h e   q u a n t i t i e s  - 
m j  = "j i s  

obtained by equa t ing   t he   de t e rminan t   o f   t he   squa re   ma t r ix   i n   equa -  

t i o n  (11) t o   z e r o .  The fo rm  o f   t he   cha rac t e r i s t i c   equa t ion   va r i e s  

according  to   whether   the  core  i s  o r tho t rop ic ,   i so t rop ic ,   o r   whe the r   t he  

l eng th -wid th   r a t io  i s  zero.  

1. Orthotropic Core (rx # r ) with  n > 0. I n   t h i s   c a s e   t h e  Y 
c h a r a c t e r i s t i c   e q u a t i o n  i s  

-~2-(n~$~+x''P'~+(~)r>~~] J [z.y.-(nn)'x!] J J  2 1  J = 0 (13) 

Since a;l con ta ins  z j  , and x and y each  contain z 2  equa- 4 
j j j y  

t i o n  (13) i s  an  e ighth-order   polynomial   in  z Thus, e ight   va lues   o f  

m will appea r   i n   equa t ions  (5) .  

j .  
- 

j 
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2. Isotropic Core (rZ = r 1 w i t h  TI > 0. For r i  = r = r 1  , t h e  Y Y 
expressions x; and y 1  are equal   and  equat ion  (13)   factors   into 

j 

The s i x  roo t s   o f  z given by the   b racke ted  term depend  on X' (dynamic 

p r e s s u r e ) .  However, t h e  two roo t s   ( t o   be   des igna ted  z 7  and  zs)  given 
j 

by 

are   independent   of  XI. 

3. Beam Behavior ( 0  = 0 ) .  Equat ion   (13)   a l so   fac tors  when TI = 0 

( i n f i n i t e l y  wide pane l   o f   l eng th   a ) .  However, it i s  more i n s t r u c t i v e  

t o   r e t u r n   t o   e q u a t i o n  (11)  and set r~ equa l   t o   ze ro   t he re ,   g iv ing  

s o   t h a t  

/ - rz j -kxz j+o '  4 I 2  2 - - X '  
n 3  

The de terminant   g ives  a s ix th-order   po lynomia l   in  z j  from  which 

s i x  r o o t s   ( j  = 1 t o  6 )  can  be  determined. The bracketed term then   g ives  

z j   f o r  j = 7 and 8 .  From equation  (15) it i s  s e e n   t h a t  Aj and B j 

19 



are r e l a t e d   b u t  are independent of C j .  The 2 x 2 determinant  

co r re sponds   t o  a l'beaml' s o l u t i o n   s i n c e   t h e  same determinant  i s  obtained 

by subs t i t u t ing   t he   expres s ions  

i n t o   t h e   d i f f e r e n t i a l   e q u a t i o n s   f o r   t h e   c y l i n d r i c a l   b e n d i n g   o f  a beam 

(eqs.   ( la)   and  ( lb)   with a l l  terms invo lv ing   de r iva t ives   w i th   r e spec t   t o  

y se t  e q u a l   t o   z e r o ) .  

D .  In-vacuo  Frequency  Equations  for A l l  Edges  Simply  Supported 

For  no a i r f l o w  ( X 1  = 0) t h e   d i f f e r e n t i a l   e q u a t i o n s  and simple 

support   boundary  conditions are s a t i s f i e d  by 

W ( X , Y ,   t )  = Amn s i n  - mrx n ry  e i w t  s i n  - a b 

Qx(X,Y,t) = b n  C O S  - 
mrx n ry  e i w t  s i n  - a b 

where m and n are in t ege r s   des igna t ing   t he  number o f   ha l f - s ine  waves 

tha t   can  form i n   t h e   x -  and y - d i r e c t i o n s ,   r e s p e c t i v e l y .  When equa- 

t i o n s  (17) are s u b s t i t u t e d   i n t o   e q u a t i o n s   ( l ) ,   w i t h  q = 0, t h e  

cha rac t e r i s t i c   equa t ions   (13 ) ,   (14 ) ,  and (16) a re   aga in   ob ta ined   except  

t h a t  X' = 0 and z = -m2. Thus, t h e   c h a r a c t e r i s t i c   e q u a t i o n s  become 

"frequency  equations"  from  which i? can  be  obtained. 

2 
j 
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I. Orthotropic Core. The "frequency  equation"  form  of 

equat ion (13) (o r tho t rop ic   co re )  i s  c u b i c   i n  G2.  However, f o r  X = 0 

( r o t a r y   i n e r t i a   n e g l e c t e d )   s i m p l i f i c a t i o n   o c c u r s  and the  bending f re -  

quency  of  the m, n mode i s  given by 

2 2 2 
G2 = [(:) + n2] (T + A) - [(:) k, + n2ky 1 

where 

Equat ion   (18a)   inc ludes   the   e f fec ts   o f   l ength-width   ra t io ,   face   shee t  

b e n d i n g   s t i f f n e s s ,   o r t h o t r o p i c   c o r e   s h e a r   f l e x i b i l i t y ,  and in-p lane  

stress. For T = 0 (face  bending  s t i f fness   neglected)   and rx = r 

( i s o t r o p i c   c o r e )   t h e   a b o v e   r e s u l t   r e d u c e s   t o   e q u a t i o n  (C4) o f  

r e fe rence  5. 

Y 

2 .  Isotropic Core. For the   i so t ropic   core ,   equa t ions   (14a)  and 

(14b) y i e l d  two f requency  equat ions ( i f  b o t h   t h e   r o t a r y   i n e r t i a  and 

s h e a r   f l e x i b i l i t y  terms x and r ,  r e s p e c t i v e l y ,   a r e   r e t a i n e d ) .   R e p l a c i n g  

zf with -m2 i n   e q u a t i o n  (14b) y i e l d s  

This   equa t ion   g ives   the   f requencies   o f   the   " th ickness- rwis t"  modes. 

These are f ree  modes of   v ibra t ion   which ,   for  a sirnpzy supported panel  

with  an isotropic core ,   occu r   w i thou t   any   t r ansve r se   de f l ec t ion  

[w(x,y,t)  = 01. The f requencies  (w, no t  C) given by equation  (19) are 

2 1  
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independent of t he   i n -p l ane   l oads  (kx  and ky) ,   the  face bending 

s t i f f n e s s  (T) and t h e  mass p e r   u n i t   s u r f a c e  area (p,). The reason i s  

t h a t   t h e   t r a n s v e r s e   f o r c e s   a r i s i n g   f r o m   t h e   i n - p l a n e   l o a d s ,  face bend- 

ing  deformations,  and la te ra l  i ne r t i a  are zero when w(x,y,t)  = 0 f o r  

a l l  x and y ( see   eq .   ( l a ) ) .  

Except f o r   d i f f e r e n c e s   i n   n o t a t i o n  and i n t e r p r e t a t i o n o f s t i f f n e s s e s ,  

equation  (19)  agrees  with  the  second  of  equations (10) i n   r e f e r e n c e  6.  

(The s t i f f n e s s e s  must   be   in te rpre ted   d i f fe ren t ly   because   re fe rence  6 

dea ls   wi th  a homogeneous p l a t e   i n  a manner analogous t o  t h e  Timoshenko 

beam theory . )   Ske tches   o f   th ickness- twis t  mode shapes   fo r  n = 1 and 

q = 0 are shown i n   f i g u r e s   3 ( a )  and 3 ( b ) ,   r e s p e c t i v e l y .  A s  pointed out  

i n   r e f e r e n c e  6,  t h e  two shear   angles  QX/Dq and Qy/DQ are  so r e l a t e d  as 

to   cause   the   pane l  (q > 0) t o  twist about a normal t o  i t s  su r face .  The 

equa t ions   fo r   t hese  mode shapes  have  been  derived  for A 2 0 (eqs.  (61) 

and  (81)) and are found t o  be  independent   of   the   a i r f low.   This  i s  

because  w(x,y,t)  = 0; hence,   on  the  basis  of  the  aerodynamic  theory 

employed, no aerodynamic  forces  are  produced.  (This i s  no t   necessa r i ly  

so for   o ther   boundary   condi t ions   o r   for  a panel   having   an   o r thot ropic  

core .  ) 

The second  in-vacuo  f requency  equat ion  for   the  isotropic   core  i s  

obtained  f rom  the  bracketed  port ion  of   equat ion  (14a)  by s e t t i n g  A '  = 0 

and z = -m . This   equat ion i s  q u a d r a t i c   i n  iii2 and y i e l d s  2 2 

j 

where 
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(a) Thickness-twist  mode;  square panel,  isotropic 

core, m = n = 2. 

Qy(x,  t )  

DQY 

4 / 

(b) Thickness-twist  mode;  section of infinitely 

wide  panel , m = 2. 

Figure 3.- In-vacuo  mode  shapes  for  simply supported edges. 
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2 - 
p = (:) k, + n2k Y 

I t  i s  shown in   append ix  C t h a t   b o t h  sets of mode shapes  corresponding 

t o   t h e s e  two sets of  frequencies  involve  bending  and  shearing  deforma- 

t i o n s   f o r  which  w(x,  y, t )  # 0. Thus,  both sets of modes induce an 

aerodynamic  loading  that  may l e a d   t o   f l u t t e r .  

For  convenience,   the  frequencies  given  by  the smaller s o l u t i o n   f o r  

i? ( i . e . ,  +F ) are r e f e r r e d   t o  as t h e  "bending" se t  of   f requencies  

because   for  r = X = 0 ( s h e a r   f l e x i b i l i t y  and r o t a r y   i n e r t i a   n e g l e c t e d )  

they   reduce   to   the   f requencies   o f   the   pure   bending   so lu t ion   g iven  by 

classical  p l a t e   t h e o r y .  The l a r g e r   s o l u t i o n   f o r  G2 ( i . e . ,  -r ) 
gives   the   f requencies   o f   the   " th ickness-shear"  set  of modes (descr ibed 

i n  r e f .  6 f o r  kx = ky = 0 ) .  

Addit ional   information on these  two sets of modes i s  g i v e n   i n  

appendix C where  approximate  bounds on t h e   r a t i o   o f   s h e a r   a n g l e   t o   t o t a l  

s lope   (Y, /W,~)  are d e r i v e d   f o r  a simply  supported beam. The r e s u l t s  

i n d i c a t e   t h a t   t h e   s h e a r   a n g l e  yx i s  l a rge r   t han   t he   s lope  w , ~  f o r  

t he   t h i ckness - shea r  modes,  whereas for   the   bending  modes y, i s  less 

than  w , ~ .  The r e su l t i ng   fo rms   fo r   t he   bend ing  and  thickness-shear  mode 

shapes are  i l l u s t r a t e d   i n   f i g u r e s   3 ( c )  and 3 ( d ) ,   r e s p e c t i v e l y .  

The in-vacuo  frequency  equations  given by (18),  (191,  and (20) are  

ex t r eme ly   u se fu l   fo r   t he   r ap id   e s t ima t ion   o f   f r equency   r anges   o f  

i n t e re s t   i n   t he   numer i ca l   computa t ion  of f r equency   l oops   (va r i a t ion   i n  

24 



(c) Bending mode of sandwich  beam; m = 2. 

(d) Thickness-shear  mode of a sandwich  beam; m = 2. 

Figure 3.- Concluded. 
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X with T2). These   equat ions   can   a l so   be   used   for   the   in -vacuo beam 

f requencies  by r e w r i t i n g  them i n  terms of   the  pr imed  parameters   (see 

eqs .   (10) )   and   le t t ing  TI = 0. 

Equations  (19)  and (20) reveal t h a t   n e i t h e r   t h e   t h i c k n e s s - t w i s t   n o r  

t he   t h i ckness - shea r   f r equenc ie s   a r e   p red ic t ed  i f  e i t h e r   o f   t h e   r o t a r y  

i n e r t i a   o r   s h e a r   f l e x i b i l i t y  terms (X and r, r e s p e c t i v e l y )  i s  neglec ted .  

The ex is tence   o f   the   mot ions   assoc ia ted   wi th   these   f requencies  i s  due   t o  

t h e  combined inf luence  of   the  shear   deformations  and  the  iner t ia  moments 

caused by r o t a t i o n a l   a c c e l e r a t i o n .  

E .  ExDansion of Charac t e r i s t i c   Eaua t ions  

i n  Powers of  z j 

In   o rde r   t o   de t e rmine   t he   roo t s  z j  from t h e   c h a r a c t e r i s t i c  

equat ions i t  i s  necessa ry   t o  expand t h e s e   e q u a t i o n s   i n  powers of z j .  

This i s  done i n   t h e   f o l l o w i n g   s e c t i o n s .  

unprimed  parameters  for T-I 1 and 0 < rl 1. 1, r e s p e c t i v e l y .  
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For q 1 1 

c8 = -Trxry n 4  

c6 = r12 1 [Ts - r x r y ( v ) ( k x  - 2n2,) + r 
Y 

c4 = (kX-2n2.r)   s--r(l+grx)  ( l+hr ) - ( l + g r  Y 

c2 = -q2 (Os+(kx-2n2,) ( l+g rx )   ( l+h r  Y ) -  )+n2rxh(+]) Y 

c1 = -q3( l+grx)   ( l+hr  

co  = q4(1+grx) [$J (l+hry)  -n2h] 

For O <  0 5 1  

c8 = -=r;r; (q) 
c6 = Tst - r i r ; (2)  (k;-2n2q2,) +ry 7 

c 5  =-TAT' Y 2  (""> (5) 
c4 = (k ; -2n2q2~)s! -~( l+gt r ; )  (l+h'r')-(l+g~r')+(~)($J~r Y Y X Y  I t  r -hf r t -n2q2, i )  Y 

c3 = st($) 

$ ' s 1 + ( k i - 2 n 2 n 2 ~ )   ( l + g t r i )   ( l + h ' r $ )  

co = ( l + g ' r i )  [$ I  ( l+htr ; )   -n2q2ht]  
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The q u a n t i t i e s   a p p e a r i n g   i n   t h e   c o e f f i c i e n t s  are given by 

h = n 2 - X $  

$I - - = I 2  +n 2 rl 2 ky-n ' 4 rl 4 T 

s = ( l + g r   ) r   + ( l + h r x ) r y  
Y X  s' = ( l + g ' r ' ) r ' + ( l + h ' r & ) r Y  Y X  

and the  remaining  parameters  are def ined  by equat ions  (9) and (10) .  

2.  Isotropic Core. For t h i s   c a s e ,   s i x  of t h e   e i g h t   r o o t s  are 

obtained  f rom  the  bracketed  port ion  of   equat ion  (14a)  and  must s a t i s f y  

( j  = 1 t o  6 )  

c 6 z j + c z 4 + c z 3 + c z 2 + c z  6 4 j  3 j  z j  + c o = o  
1 j  

c4 = 1 - rk ,  + T (1  + 3n2r - rXG2) 

c3 = -m-("$) 

c o  = -q4{  (2 + n2ky - n4.) (1  + n2r  - rX$) - n2  (n2 - xi$) ) 
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For 0 < r l L l  

c6 = - r %  \ 

c4 = 1 - r f k i  + ~ ( 1  +3n2q2r '  - r 1 X 1 W f 2  1 

c3 = -rg($-) 

c2 = k i -2n2r12( l+~)+rJ  [n2rl2(k;+k;)+o12-3n4rl4~]+~1~12(l-r1k~+2n2rl2rl~) 
' 

c1 = (1  +n2$r1 - r ' x  1-12) w (5) 
c o  =- {  (Et2+n2n2k;-n4v4~) (l+n2~2r1-rrX'W'2)-n2r12(n2~2-xI~l 2 ) }  I 

(24b) 

The o the r  two r o o t s  are given by t h e  term Y j  of equat ion (14b) 

and a r e  

3. Beam. This  i s  a s p e c i a l   c a s e   o f   e i t h e r   t h e   o r t h o t r o p i c   o r  

i so t rop ic   pane l   so lu t ions  and i s  most d i r e c t l y   o b t a i n e d  from  equa- 

t i on   (16 ) .   S ix   o f   t he   e igh t   roo t s  are  determined  from ( j  = l t o  6) 

where 

c6 = - r i T  

c4  = 1 - r i k i  + ~ ( l  -r ;XfEt2)   c1 = (1  - r i x f i 7 ' 2 ) ( F )  X '  

c3 = -r: (5) co  = -w' 2 (1  - r ix 'w '2 )  

' 1",2 c2 = k, + r x w  + X'n' 2 (1  - r i k i )  



The r o o t s  z7 and  z8 are given by 

F .  Rela t ionships  Between Aj, B j ,  and  Cj 

The c o e f f i c i e n t s  A j ,  B j ,  and C j  appea r ing   i n   equa t ions  (5) are 

not   independent   quant i t ies .  The r e l a t i o n s h i p s  between them a r e   d e t e r -  

mined by e q u a t i o n  (7).  A s  shown below, t h e s e   r e l a t i o n s h i p s   d i f f e r  

acco rd ing   t o   whe the r   t he   pane l   has   an   o r tho t rop ic   o r   i so t rop ic   co re ,   o r  

whether   the  length-width  ra t io  (q)  i s  zero.  

2 .  PaneZ. From t h e   t h i r d  of equation  (11) , which i s  j u s t   a n o t h e r  

form  of  equation ( 7 ) ,  t h e   q u a n t i t i e s  B .  and C are r e l a t e d  as 
J j 

I 
z - y . ~  - n n x ! ~  = o 

J J J  ~j (29) 

where X '  and y '  are def ined  by equat ions  (12) .   For   an isotropic  core ,  

xi  = yi  so t ha t   equa t ion  (29)  becomes 

j j 

From equat ion (14b) i t  i s  seen   t ha t  y i  1 ri=r = 0 o n l y   f o r  j = 7 o r  8 

so t ha t   t he   b racke ted   t e rm o f  equation  (30)  must be z e r o   f o r   v a l u e s  o f  

j from 1 through 6.  Thus, f o r   t h e  i so tropic  core ,  

Y 

where t h e  z are  the   s ix   roo t s   o f   equa t ion   (23 ) .  For t h e  orthotropic 

core,   equation  (29)  gives 

j 
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where t h e  z j  are the   e igh t   roo t s   o f   equa t ion   (21 ) .  

In  terms of   the   p r imed  parameters ,   the   th i rd  of equation  (7) is 

Then, using  equat ions (31) and  (32) , t h e   r e l a t i o n  between A j  and B j  i s  

found t o   b e ,   f o r   t h e  i so tropic  core  

and f o r   t h e  orthotropic core  

[I + r; (n2q2 - z, - 2 (q) r i  
'I\ . = 

J 
(n2q2 - x fG1 - 

(35) 

To determine A. and C i n   t e rms   o f  B. when j = 7 o r  8 ( f o r   t h e  J j J 

isotropic  core),  the  second  of  equation  (11) i s  used 

(36) 
1 

But f o r   a n   i s o t r o p i c   c o r e ,  r i  = r '  = r l ,  and x - 

or  8. S i n c e   t h e   c o e f f i c i e n t   o f  A j  i s  not  zero i n   g e n e r a l ,  it fol lows 

t h a t  

Y j - Y j  = O  f o r  j = 7  

A i  = 0 j = 7 , 8  (37) 
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f o r  t h e  i so t rop ic  core .  The first of   equat ion  (11)   then  gives  

f o r   t h e  i so t rop ic  core.   Except f o r  t h e  term XIG1 i n  A j ,  the   above 

r e l a t i o n s  between A j ,  B j ,  and C f o r   t h e   i s o t r o p i c   c o r e ,  are t h e  same 

as i n   r e f e r e n c e s  4 and 5. 

2 

j '  

2. Beam. If equation  (7) i s  r e w r i t t e n   i n   t e r m s  of the  primed 

parameters ( s o  t h a t   t h e  column ma t r ix   does   no t   con ta in   t he   w id th   b=m) ,  

t h e  

The th i rd   o f   equa t ion  (39)  gives 

But,  from equat ion  (16) ,  

only f o r  j = 7 o r  8 .  Therefore ,  

c -  = 0 j = 1 + 6  (40) 3 

Thus,   the  only  nonzero Cj are  C 7  and C g ,  and, as seen  from  equa- 

t ion   (39) ,   they  are independent of  A j  and B j .  

I t  i s  only  f o r  va lues   o f  j from 1 through 6 tha t   t he   de t e rminan t  

of c o e f f i c i e n t s  of A j  and B i s  equal   to   zero   (g iv ing   eq .   (26) ) .  
j 

3 2  



Thus, A .  and B must  be  zero f o r  j = 7 o r  8 .  

j = 7 , 8  

3 j 
A .  = B .  = 0 

J 3 

For j = 1-6, the  second of  equat ion (39) g ives  

G .  Satisfaction  of  Leading-  and  Trail ing-Edge Boundary 

Conditions,  and  Corresponding  Frequency  Determinants 

S i n c e   t h e   r e l a t i o n s h i p s  between t h e   c o e f f i c i e n t s  A j ,  Bj,  and C j  

have  been  determined, w, Qx and Q can  be  expressed  in  terms of  one set  

of c o e f f i c i e n t s .  The boundary  condi t ions  can  then  be  appl ied  to   obtain 

the   f requency   equat ions   for   the   case  of t h e   o r t h o t r o p i c   c o r e ,   i s o t r o p i c  

co re ,   o r  beam. 

Y 

2 .  Orthotropic Core. When equations  (32)  and (35) a re   u sed ,  

equat ions (5) become, f o r  q 2 1 and omi t t ing  

w(x) = 

Qx(x) = 

QyCx) = 

where x j ,  x;, y j ,  Y; are given by equations  (12)  and a j  , a ’  b j  , b; 

a re   de f ined  as 
j ’  
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(The primed q u a n t i t i e s  are t o  ‘be u sed   fo r  5 1 . )  

Applicat ion  of   the  e ight   boundary  condi t ions  (eqs .   (4))   to  

equat ions (43) g ives   t he   fo l lowing  set  of  e i g h t  homogeneous equat ions 

CijBj = 0 i = 1, 2, . . ., 8 
j = 1  

Clamped Edges a t  
x = O  and x = a 

Simply  Supported  Edges 
a t  x = O  and x = a 



I 

If 0 < rl < 1, a j  , b j ,   x j  , and y a re   r ep laced   w i th  a j ,  b j y  x and y '  
' I '  

j j y  j '  

r e s p e c t i v e l y .  If the   de te rminant  of  t h e   c o e f f i c i e n t s  of B j  i s  set 

equa l   t o   ze ro ,   t he   f r equency   equa t ion   fo r   t he   pane l   w i th   an   o r tho t rop ic  

co re  i s  obta ined .  

Applicat ion  of   the  e ight   boundary  condi t ions  (eqs .   (4))   to  

equat ions  (48)   gives   the  fol lowing set  of  e i g h t  homogeneous equat ions 

2 F i j B j  = 0 i = 1, 2 ,  . . ., 8 
J = 1  

where t h e  Fij are no t   t he  same as t h e  c i j  u sed   i n   equa t ion   (45 ) .  

For q 1. 1, t h e   c o e f f i c i e n t s  Fij are: 

(49) 
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Clamped Edges a t  
x = 0 and a 

j = 1 + 6  

1 

- m 
e j 

(. +i$) 
(r ++) e'j 

j = 7 ,  8 

Simply  Supported  Edges a t  
x = 0 and a 

j = 1 + 6  

- m .  
z . e  J J 

j = 7 ,  8 

0 

0 

Z 
j 

- 
m 

z . e  
J 

j 

0 

0 

- 'j 
nrl 

- m .  
z . e  J 

nrl 
J 

b j  are rep laced   wi th  r '  and b j ,   r e s p e c t i v e l y .  If 

the   de t e rminan t   o f   t he   coe f f i c i en t s   o f  B i s  se t  equal   to   zero ,  

the   f requency   equat ion   for   the   pane l   wi th   an   i so t ropic   core  i s  obtained.  
j 
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I 

3. Beam. I n   t h i s  case, w, Qx, and Q are independent of t h e  
Y 

y-coordinate,and  equations (5) are replaced  with 

I t  i s  r e c a l l e d  from t h e   d i s c u s s i o n  of  equat ion  (16)   that   the   above 

expres s ions   fo r  w and Qx correspond  to   the "beam" s o l u t i o n  and   lead   to  

a s ixth-order   polynomial   in  z = m j / r  (given by eq.  ( 2 6 ) ) .  For 

w = Qx = 0 the  above  expression  for  Qy, when s u b s t i t u t e d   i n t o  

equations  (1) , yie lds   the   b racke ted   te rm o f  equat ion  (16) .  The two 

r o o t s   o f   t h i s  term were c a l l e d  z7 and 28  (eq. ( 2 8 ) )  and, as w i l l  be 

seen ,   cor respond  to   the   th ickness- twis t   so lu t ion  f o r  a n   i n f i n i t e l y  wide 

pane 1 . 

j 

When equations  (40) , (41),  and  (42) are used,  the  above  expressions 

become (omit t ing eiwt) 
6 
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Appl ica t ion  of the  boundary  conditions  (eqs.  (4))  g ives  two sets of  

homogeneous equat ions  

cijCj = 0 i = 7,  8 (54b) 
J =7 

O f  t h e   e i g h t   r o o t s   f o r  Zj (given by eqs .  (26) and (28) )  t h e   c o e f f i c i -  

e n t s  c i j  depend  only on z1  through 2 6 .  These   coe f f i c i en t s   a r e   g iven  

Clamped Edges a t  Simply  Supported  Edges 
x = 0 and a a t  x = 0 and a 

Z J 

3 8  



The c o e f f i c i e n t s  ;ij are t h e  same f o r   b o t h  sets of boundary  conditions 

and are: 

These  coefficients  depend  only on 27 and 28.  

The frequency  equat ion  obtained by s e t t i n g   t h e   d e t e r m i n a n t  of t h e  

c o e f f i c i e n t s   o f  Cj equa l   t o   ze ro  i s  simply 

From equat ion (28) , iii7 and iii8 a r e   g iven  by 

For nonrepea ted   roo ts2   equat ion  (57) can   be   s a t i s f i ed   on ly  if 

1 - r x'w' < 0, so t h a t  I - 2  

Y 
- m .  

J I T  
z. = 2 = f i b ,  > o  j = 7 ,  8 

r 
Y 

Then equation  (57) becomes 

e - e  - - 2 i  s i n   IT^ = 0 
- i r S  iITb - 

~~ ~ ~ 

2For r epea ted   roo t s   ( z7  = Z 8  = 0) t h e   f u n c t i o n a l  form  of  the 

so lu t ion   changes   to  Qy(x) = [C7  + Cs(x/a)]  e . Appl ica t ion   of  

Q (0)  = Q (a) = 0 g ives  1 + 0 ,  prov ing   t ha t  27 = 28 = 0 i s  no t  a 

so lu t ion .  

Y Y 
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so t h a t  

- m = l ,  2 , .  . . m j  = fir6 = + i m r  j = 7 ,  8 (59) 

By squar ing   bo th   s ides   o f   equa t ion  (58), the   use   o f   equa t ion  (59) y i e l d s  

2 1  m = l ,  2 , .  . . 

which i s  a s p e c i a l  case (TI = 0) of the  thickness- twist   f requency  equa-  

t i o n .  (See  eq.   (19) . )   Note   that   these  f requencies  are  independent  of 

t he   a i r f low.  The mode shape   cor responding   to   equa t ion  (60) i s  

W(X) = Qx(x) = 0 

and i s  s k e t c h e d   i n   f i g u r e  3 (b)   for  m = 2. 

The frequency  equat ion  for   the  bending  and  thickness-shear  modes 

of  t h e  beam i s  obtained  from  equation  (54a) and i s  

6x6 
p . - 1  = 0 

17 (62) 

The a i r f low  does  affect  these   f r equenc ie s   s ince   t he  z j ,  j = 1 -f 6, do 

depend  on X ’  . 
H. Uncouuled S o l u t i o n   f o r  SimDlv 

Supported,   Isotropic   Panel  

The f requency   de te rminants   ob ta ined   for   the   pane ls  ( n  > 0) determine 

the  f requencies   of   the   bending,   thickness-shear ,  and th i ckness - twi s t  

modes. For the   s imply   suppor ted   i so t ropic   pane l ,   the   in format ion  
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describing  the  thickness-twist  motion  uncouples  from  that  describing  the 

bending  and  thickness-shear  motions.  These  uncoupled  results  are 

presented in the  following  sections. 

I .  Frequency  Determinant. The  frequency  determinant  for  the 

isotropic  panel  is  given  by  equation (51). For the  simply  supported 

edge  condition  this  determinant can be  simplified,  by  manipulating  its 

rows  and  columns,  to  yield 

o r  

1 1 1 ; o  0 
1 
I 

I 

z4 z 5  
2 2 2 ;  j 0 0 

0 0 0 0 0 0 1  1 
I 

1 

where (6 x 61 is  the 6 x 6 subdeterminant  of  equation  (63).  Note  that 

it does not  depend  on  the  roots z7(ii7)  and  zg(iii8). 

From  the  first  term of  equation ( 6 3 )  it  appears  that  the  boundary 

conditions  are  satisfied f o r  any  values  of  the  roots z j  when  the 

frequency  is  such  that  1 - rXG2 = 1 - r1X1Wt2 = 0. However,  when 

1 - rXG2 = 0 the  characteristic  equation  (eq. (14a)), from  which  the 

roots z j  are  determined,  becomes 
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which i s  seen   to   have  two p a i r s   o f  repeated r o o t s   ( z 5  = z7 = nn, 

26 = 28 = -nn).  The fo rm  o f   t he   so lu t ions   fo r  w, Qx and Q given  by Y 
equations  (5) i s  v a l i d   o n l y   f o r  d i s t i n c t  r o o t s   o f   t h e   c h a r a c t e r i s t i c  

equation.  Thus,  equation  (64) i s  n o t   v a l i d  a t  the  f requency r2 = l / ( r x )  . 
For G2 2 l / ( rx )   equa t ion  (64) i s  v a l i d  and  becomes 

16 x 61 = 0 (65a) 

The frequencies   associated  with  equat ion  (65b)  are the   t h i ckness -  

twist f requencies .   This  i s  shown by consider ing  equat ion  (25)  

For nonrepeated  values   of  27  and 28, equat ion  (65b)   can  be  sat isf ied 

only  i f  

i s  a negat ive  number ( i . e . ,  27 = - i 6 ,  28 = + i 6 ) .  If such i s  the   case ,  

equation  (65b) becomes 

e - e  - 2 i  s i n  n6 = 0 + i n 6  -i.rrd - 

which i s  s a t i s f i e d  by 

6 = m  m = l , 2 , .  . . 
so 
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which i s  the   th ickness- twis t   f requency   equat ion .  The o r i g i n a l   d e r i v a -  

t i on   o f   t h i s   equa t ion   ( s ee   eq .   (19 ) )  was based  on X '  = 0 (no a i r f l o w ) ,  

whereas  the  derivation  above i s  v a l i d   f o r  X '  2 0. Note t h a t   t h e s e  

f requencies  are independent  of X (dynamic  pressure)  and  therefore 

cannot   coalesce  with  the  bending  or   thickness-shear   f requencies .   (This  

i s  no t   necessa r i ly  s o   f o r  other  boundary  conditions o r  f o r  a panel  

having   an   o r thot ropic   core . )  

Numerical r e s u l t s   ( c h .  111) show t h a t  as X approaches  zero  the 

frequencies  determined  from  equation  (65a)  approach  the  frequencies 

given by equation  (20a).   Thus,   equation  (65a)  gives  the  frequencies  of 

the  bending  and  thickness-shear  motions.  

2. Mode Shapes. For a l l  edges  simply  supported,   equation (49) can 

be   wr i t ten  as3 

3For t h e  first s i x  columns  of  equation ( 6 8 ) ,  the   e lements  o f  

column j are obtained  from  the  corresponding  elements  of column one  by 

r e p l a c i n g   t h e   s u b s c r i p t  1 w i t h   t h e   s u b s c r i p t  j .  
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j = 1  2 3 4  

(.+ &) ZI 

. .  

" 

5 6 

I -  

" 

Use of the  relation  between A j  and B for j = 1 -+ 6 (eq. (34)) 

enables the  above  equation to be  expressed as 
j 
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j = l  2 3  
- 

1 . .  

em 1 
- 

. .  

21 
2 . .  

nnk 

" 

where k = 7r3Ds/qb3. 

5 6 

1 I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

I 
I 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

7 8 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

""""_A ""_" ". 
I 

I 

Equation (69) i s  o f   t he  form 

6x6   6x2  6 x 1  

2x6  2x2   2x1  

s o   t h a t  

Replacing  bj   wi th   n2 - XrS2 - ( z ~ / T I ) ~   ( s e e   e q .   ( 4 4 b ) )  and n o t i n g   t h a t  

a l l  elements of [K12] are zero  reduces  equat ion (70a) t o  
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r l  1 

z2 
2 

z 3  
2 

2 5 2  2 5 3  
z2e z3e  

where 

$ .  = 
J 

$4 $5 $6 
- - 

$4ern4 $5em5 i6em' 
- 

2 
z 5  

2 5 4  2 5 5  2 5( 
Z4e z5e Z6e 

2 
z4  

2 
'6 

The mode shape f o r  w i s  then 

6 

w(x,y, t )  = s i n  - n.rry eiwt Aje b j=1  

where, f o r  j = 2 ( r e f .   16 ,   p .  34) 

1 1 1 1 1 
- 

em2 em 3 em4 em 5 em6 

A i = 1  = ( - l ) j + l c  $ 2  $4 $5 $6 

- - - - 

z 3  
2 

and so  on,  where c i s  a n   a r b i t r a r y   c o n s t a n t .  

(73) 

By s e t t i n g   t h e   d e t e r m i n a n t   o f   t h e   s q u a r e   m a t r i x   i n   e q u a t i o n  (71) t o  

zero,   one  obtains ,   wi th   manipulat ion of both  rows  and c o Z m s ,  
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. .  

(1  - r x w  ) - 2 2  

1 1 1 1 1 1 
- 

eml em2 e m 3  em4 em 5 em6 

z1 z2 23  24 2 5  

:em' z 2 e iii2 2 K5 2 iii6 2 z5e 'ge 

z1 z 2  z 3  z4 z 5  '6 

4em4 z efii; 4 iii3 4 E4 4 K5 
Z3e 1 z4e 5e z6e 

- - - - - 

2 2 2 2 2 2 
'6 

4 4 4 4 4 4 

4 

= 0 (74) 

- 
Except f o r   t h e  "missing" term (em7 - em8),   equation  (74) i s  t h e  same 

frequency  equation as given by equat ion ( 6 3 ) .  

- 

Since  equation  (74) was obtained by a l t e r i n g  c o Z m s  (as   wel l  as 

rows) i n   t h e   d e t e r m i n a n t   o f   t h e   c o e f f i c i e n t s   o f  A,, it i s  impor tan t   to  

n o t e   t h a t  

- 
1 1 1 1 1 1 

2 2 2 2 2 
z1 z2 z 3  z 4  z 5  

2 iii, zle z em2 z em, z e'4 z em5 z E em6 

2 
'6 

# 

\ 
0 

0 

0 

0 

0 

0 

> 

(75) 

If one  used  equation  (75),   with  an  equal  sign,  the  correct  frequency 

equat ion  for   s imple  support   boundary  condi t ions would  be obtained  (see 

eq .   (74) ) .  However, t h e  mode shape   fo r  w would be   i nco r rec t   ( s ee  

eq.  (71)) * 

- - 
The "missing" term (em7 - em8)  a l luded  to   af ter   equat ion  (74)   can 

be  obtained  from  equation  (70b),  which i s  rewri t ten  below.  

47 



C o n s i d e r   t h e   p o s s i b i l i t y   t h a t  w = 0 f o r  a l l  va lues   o f   t he  

x-coordinate;   then A j  = 0 f o r  j = 1 -F 6 ( i n   a d d i t i o n   t o  A7 = A 8  = 0 

by eq .   (37) ) .  Then, the  above  equation becomes simply 

(77) 

g iv ing  a frequency  equation 

Although  equation  (78) i s  s a t i s f i e d  by z7 o r  Z 8  e q u a l   t o   z e r o ,   t h i s  

so lu t ion   cannot   be   cons idered   va l id   s ince ,  by equat ion ( 2 5 ) ,  z 7 = - z 8  

which  makes z 7  = 28 = 0 a r epea ted   roo t .  Thus, f o r  d i s t i n c t   r o o t s ,   e q u a -  

t i o n  (78) r educes   t o   equa t ion  (65b) which i s  s a t i s f i e d  by fii = +imn,  

m = 1, 2 ,  3, . . . and  aga in   l eads   to   the   th ickness- twis t   f requency  

equat ion  (eq.   (67)) .  

7Y8 

Because Aj = 0 f o r  j = 1 -+ 6,  equations  (34)  and (31) show t h a t  

B -  = C = 0 f o r  j = 1 + 6.  The mode shapes  given by equations  (48)  then 3 j 

r educe   t o  
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Since 27 = -28 # 0, equat ion (77) g ives  

B7 - B8 = 0 ( 8  0) 

The use  of   equat ions ( S ) ,  ( 7 9 ) ,  and (80) toge ther   wi th  iii = + i m r ,  

m = 1, 2,  3, . . ., t h e n   y i e l d s  
7 ~ 8  

W(X,Y,t) = 0 

Qx(x,y, t )  = 2B7 cos  - mmx  nmy e i w t  s i n  - a b 

-2B7 mmx  nmy e i w t  
Q y ( x , ~ , t )  = (nrl/m) s i n  - a b cos  - 

as t h e  mode shape   fo r   t he   t h i ckness - twi s t   mo t ion .   (See   f i g .   3 (a ) . )  

I .  Single  Differential   Equation  Approaches 

and  ComDarison with  Smirnov 's   Resul ts  

I t  i s  seen  from  equations  (21),   (23),  and  (25) t h a t   t h e  

c h a r a c t e r i s t i c   e q u a t i o n s   f o r   b o t h   t h e   o r t h o t r o p i c  and i s o t r o p i c   c o r e s  

cor respond  to   an   e ighth-order   sys tem  of   d i f fe ren t ia l   equa t ions .   In  

r e fe rence  8, Smirnov ob ta ined   f l u t t e r   so lu t ions   fo r   s andwich   pane l s  

having isotropic cores ;   t hese   so lu t ions  were derived  from a s i x t h - ,  

r a the r   t han   an   e igh th -o rde r   d i f f e ren t i a l   equa t ion .  The s ix th -o rde r  

equat ion i s  an   incomple te   descr ip t ion   of   the   pane l   mot ion ,   bu t   for  

simpZy supported edges it does  happen to   l ead   t o   t he   co r rec t -   bend ing  and 

th ickness-shear   so lu t ions .   This   occur rence  i s  r e l a t e d   t o   t h e   u n c o u p l e d  

frequency  determinant   given by equat ion  (63) .  The connection  between 
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t he   s ix th -o rde r   so lu t ion   fo r   t he   s imp ly   suppor t ed ,   i so t rop ic   pane l  and 

the   uncoupled   e ighth-order   so lu t ion   g iven  by equat ion ( 6 3 )  i s  brought 

o u t   i n   t h e   f o l l o w i n g   s e c t i o n s .  

2 .  Uncoupled SoZution. I n   g e n e r a l ,   t h e   s o l u t i o n s   f o r  w, Qx, and 

Qy depend  on a l l  e i g h t   r o o t s  (iii.) o f   t h e   c h a r a c t e r i s t i c   e q u a t i o n   ( s e e  

d i s c u s s i o n   a f t e r   e q .  (5 ) ) .  For a panel  having  an isotropic  core ,  how- 

ever ,   equa t ion  ( 3 7 )  shows t h a t  A 7  = A 8  = 0 even  though Bj and C j  are 

a l l  nonzero.  Thus, i n   t h i s   s p e c i a l  case, t h e   s o l u t i o n   f o r  w depends 

on on ly   s ix   o f   t he   e igh t   roo t s   wh i l e   t he   comple t e   so lu t ion   ( i . e . ,   f o r  

w ,  Qx, and Qy) s t i l l  depends  on a l l  e i g h t   r o o t s   ( a s  shown by eqs .  ( 4 8 ) ) .  

With A7 = A8 = 0, ha l f   t he   e l emen t s   i n  columns 7 and 8 o f   t he  

f requency  determinant  are  zero (C = c = c = € = 0 i n   e q s .  (50),  

j = 7 and 8 ) .  Furthermore,   for  sivqly supported edges  the  e lements  F3j 

and c . of  columns 7 and 8 a re   p ropor t iona l   t o   e l emen t s  c and F 8 j ,  

respec t ive ly .   This   l eads   to   the   uncoupled   f requency   de te rminant  

(eq. (63)) wherein m7 and iii8 are  a s soc ia t ed   w i th   t he   t h i ckness - twi s t  

f requencies  and iiil through ZG are   assoc ia ted   wi th   the   bending   and  

th ickness-shear   f requencies .  

J 

- 
1 j  

- 
2 j  5 j  6 j  

- 
43 7 j  

- 

The uncoupl ing  of   the  thickness- twist   solut ion  f rom  the  bending and 

th ickness-shear   so lu t ion  i s  seen   to   be   caused  by two cond i t ions .  The 

cond i t ion  A7 = A8 = 0 i s  a r e s u l t   o f   t h e   f a c t o r a b l e   c h a r a c t e r i s t i c  

equation,  (14a),   and i s  due   t o   t he   i so t rop ic   co re .  The p r o p o r t i o n a l i t y  

of   e lements   in   the   f requency   de te rminant  i s  due to   t he   s imp le   suppor t  

boundary  conditions.  A change i n   e i t h e r   o f   t h e s e   c o n d i t i o n s   p r e v e n t s  

t h e   s o l u t i o n  from  becoming  uncoupled.  Thus, a clamped i s o t r o p i c   p a n e l  

w i l l  not   have  uncoupled  solut ions,   nor  w i l l  a simply  supported 

o r tho t rop ic   pane l .  
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The f a c t   t h a t  A7 = A8 = 0 arises from t h e   f a c t o r a b l e   c h a r a c t e r -  

i s t i c  equa t ion   sugges t s   t ha t   t he   e igh th -o rde r   sys t em  o f   d i f f e ren t i a l  

equat ions  given by ( l a ) ,   ( l b ) ,  and ( I C )   a l s o   h a s  a f a c t o r a b l e  form. 

This  i s  shown nex t .  

2. Eighth-Order Differential  Equation. The t h r e e   d i f f e r e n t i a l  

e q u a t i o n s   ( l a ) ,   ( l b ) ,  and ( I C )   c a n   b e   w r i t t e n   i n   t h e  form 

where 

a 3  a 3  IO a 3  

ax a y 2  ax3 Ds ax a t 2  L21 = - " + -  

1 Io  1 a 2  
L 2 2 = - - - - - -  DS Ds DQx a t2  

1 IO 1 a 2  

and p is given by equat ion ( 2 ) .  
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A s i n g l e   d i f f e r e n t i a l   e q u a t i o n   i n  w, Qxy o r  Qy i s  obtained by 

expanding the   de t e rminan t   o f   t he   ma t r ix  [ L i j ] ,  t r e a t i n g   t h e   o p e r a t i o n a l  

c o e f f i c i e n t s  as a l g e b r a i c   q u a n t i t i e s   ( r e f .   1 6 ,   p .   1 1 7 ) .  The genera l  

r e s u l t  i s  a n   e i g h t h - o r d e r   d i f f e r e n t i a l   o p e r a t o r ,  D g Y  operat ing  on w, 

Qx, o r  Qy. Fo r   an   i so t rop ic   co re  (DQ = D Q ~  = DQ) t h e   o p e r a t o r s  L23 

and L32 are equal and the   ope ra to r  Dg f a c t o r s   i n t o   t h e   p r o d u c t  
X 

Dg  = D 2 D 6  (84 1 

where D 2  and D 6  are the  second- and s i x t h - o r d e r   d i f f e r e n t i a l   o p e r a t o r s  

given by 

When t h e   o p e r a t o r s  D 2  and D 6  are appl ied  to   any  one  of  

equat ions (5) and the   resu l t s   se t   equa l   to   zero ,   equa t ions   (25)   and   (23)  

are  r eob ta ined ,   r e spec t ive ly ,   g iv ing   t he   e igh t   roo t s  z, .  This  approach 

has no par t icu lar   advantage   over   the  method of   working   d i rec t ly   wi th  

equat ions(82)   s ince  the  three  s imultaneous  equat ions  must  s t i l l  be  used 

to   de t e rmine   t he   r e l a t ions  between A j ,  B j ,  and C The formal 

expansion  of   the  determinant   of   [Li j ]   a l though lengthy:  does  give  the 

comple t e   e igh th -o rde r   d i f f e ren t i a l   equa t ion .  I f ,  however, t h e  two shear  

angles  (QX/Dpx, Q /D ) are e l imina ted  from equat ions (82) by 

j ’  

y QY 

~~ ~ ~ 

4This  expansion i s  g i v e n   i n   r e f e r e n c e  14  fo r   t he   ca se   o f   an  

o r tho t rop ic   pane l ,   bu t   w i th   t he   f ace   shee t   bend ing   s t i f fnes s  and 

r o t a r y   i n e r t i a   n e g l e c t e d .  
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I 

differentiation,  only  a  sixth-order  equation  in w is obtained.  This 

is  shown  in  the  next  section. 

3. Sixth-Order  Differentia2  Equation.  For  an  isotropic  core 

(DQ~ = D = DQ), the  sixth-order  differential  equation  in  w  is 

obtained  by  first  differentiating  equation (lb) with  respect  to x, 

differentiating  equation  (IC)  with  respect  to y, and  adding  the 

resulting  equations  together  to  obtain 

QY 

where 

Q = (w,. - %)x + (w,. - :),y 
Y 

Equation  (la)  can  be  written  as 

(Df, + Df  )V4w + NXW,~, + N w + D (@ - V2w) - p = 0 
2 Y ,YY Q ( 8 8 )  

by  noting  the  identity 

D (@ - V2w) Z -(Qx Q ,x + QYJ 

The  solution  for Q in  terms of w is  easily  obtained  from  equa- 

tion (88) and  when  substituted  into  equation ( 8 6 )  leads  to a  sixth-order 

differential  equation  in  w 

D, [l + Df1+Df2 (I. + I o  + (1 +-  10 -)~XW,,~ a2 + Ny~,yy - p] 
DS  DQ at2 DQ at2 

a2 a2 a2 

at2 DQ Ds[ 1 ax2 Y ay2 1 -Io - v2w - - (Df + Df2)V6w + N, - V2w + N - V2W - V2p = 0 (89) 
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Equation  (89)  corresponds  to Ds (w) = 0 (eq.   (85b))   s ince when p 

and w are rep laced   wi th   equat ions  (2)  and (5), respec t ive ly ,   equa-  

t i o n  (23 ) ,  g iv ing  six o f   t h e   r o o t s  z j ,  is aga in   ob ta ined .  The f a c t o r  

D2 (eq.  (85a)) is missing  from  equation (89) and  hence  the  roots  z7 

and 28, given  by equat ion (25), are not   obtained.   Also,   s ince  equa-  

t i o n  (89) i s  a s ix th-order   equa t ion ,   on ly   th ree   boundary   condi t ions   per  

edge   can   be   spec i f ied .   Thus ,   the   s ix th-order   d i f fe ren t ia l   equa t ion  i s  

seen   to   be   incomple te ,  and so lu t ions   de r ived  from it  a lone  are,  i n  

g e n e r a l ,   i n c o r r e c t .  

4.  SoZutions Based on  Sixth-Order Equation. For simply  supported 

edges  the  incomplete  sixth-order  system  does  happen  to  lead  to  the 

cor rec t   f requency   equat ion   for   the   bending  and th ickness-shear  modes. 

This  can  be shown by in t roducing  a func t ion  x defined  by5 
- 

- 
(The func t ion  X i s  used   to   express   the   boundary   condi t ions   in   t e rms  

of a s i n g l e   v a r i a b l e . )  Comparison  of t h i s   r e s u l t   w i t h   e q u a t i o n  (86) 

shows t h a t  

If equation  (2) i s  w r i t t e n  as 

5The symbol x corresponds  to  Smirnov’s X ( r e f .  8) and i s  

d i s t i n c t  from t h e  X u sed   he re in   fo r   t he   ro t a ry   i ne r t i a   pa rame te r .  
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where q i s  the  aerodynamic  loading,   equat ions (88), (go ) ,   (g l ) ,  and 

(92) can be combined t o  g i v e  a s i x t h - o r d e r   d i f f e r e n t i a l   e q u a t i o n   i n  x. 

- 
- 

ax 

a2 IO a 2  DS 
a t2 a t  x - q =  0 (93) 

-Io - v 2 X + p m  2 

When t h e   r o t a r y   i n e r t i a   t e r m s   [ I o ( a 2 / a t 2 ) ]  are  dropped,  and T i s  

neglec ted   wi th   respec t   to   one ,   equa t ion   (93)   reduces   to   the   d i f fe ren t ia l  

equat ion  used by  Smirnov ( r e f .  8 ) .  Replacing 4 with  the  aerodynamic 

loading  term [ (-2q/B)  (aw/ax)]  and  setting 
6 

in   equat ion  (93) ,   once more l e a d s   t o   e q u a t i o n  (23) f o r  six o f   t h e   r o o t s  

z j ;  again ,  27 and 2 8  are  not   ob ta ined .  

I f ,  for  simply  supported  edges,   boundary  conditions  (4b)  and  (4d) 

are  combined (so as to   have   t h ree   r a the r   t han   fou r   boundary   cond i t ions ) ,  

the  fol lowing  modif ied  boundary  equat ions  are   obtained.  

a t  x = 0 and a a t  y = 0 and b 

w = o  w = o  

W , xx 
= o  W = o  

Y YY 
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These three boundary  conditions  per  edge are s a t i s f i e d   a l o n g   t h e   p a n e l  

boundary  provided  the  function X is r e q u i r e d   t o   s a t i s f y  
- 

a long   the 'boundary .  6 

Applying  equat ions  (96)   to   equat ion  (94)   yields   the  fol lowing 

r e l a t ionsh ips   be tween   t he   s ix  A i .  
- 

1 

em 5 
- 

z: 

5e 
2 m5 

Z 
4 
5 

4 E5 
z5e 

(97) 

Xote t h a t   t h e   d e t e r m i n a n t   o f   t h e   s q u a r e   m a t r i x   i n   e q u a t i o n  (97) i s  

iden t i ca l   t o   t he   uncoup led  6 x 6 subdeterminant  of  equation  (63).  

The r e l a t i o n  between A .  (cor responding   to  X )  and A j  
- - 

J 

(corresponding  to  w) i s  determined by equation  (91) and i s  found t o   b e  

A .  = (1 + r b . ) A  j = 1 + 6  (98) 
J J J  

6Equations  (95c) are sa t i s f i ed   because  of  t h e   i d e n t i t y  

- [ w ~ I O V ~ X +  D s V 4 X  + (Qx,x 1 

DQ + QY,Y ) ]  E 0 
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where  equation  (44b)  has  been  used. By employing  equation  (98), it i s  

p o s s i b l e   t o   m a n i p u l a t e   t h e  rows  of  equation  (97) so as t o   r e o b t a i n  

equation  (71)  which was o r i g i n a l l y   d e r i v e d  from the  complete   e ighth-  

order  system. 

Equation  (97)  depends  on  only  six  roots,  and t h e s e  are t h e  same 

r o o t s  as a r e   g i v e n  by equat ion  ( 2 3 ) .  Thus, t he   s ix th -o rde r   equa t ion ,  

used  with  the  modif ied  s imple  support   boundary  condi t ions,   does   predict  

t h e   c o r r e c t   s o l u t i o n   f o r   t h e   b e n d i n g  and thickness-shear  motion.  (Note 

tha t   t he   s ix th -o rde r   equa t ion   does   no t   p red ic t   t he   t h i ckness - twi s t  

solut ion.)   For   other   boundary  condi t ions,   however ,   (several  of  which 

a re  c o n s i d e r e d   i n  ref .  8) the  bending  and  thickness-shear   motions w i l l  

no t ,   i n   gene ra l ,   be   i ndependen t  of t he   o the r  two roo t s   g iven  by t h e  

second-order   equa t ion   ( i . e . ,   eq .   (8Sa) ) .   In   such   cases   the   s ix th-order  

system w i l l  no t   g ive   t he   co r rec t   f r equency   equa t ion .   In   r e f e rence   17 ,  

s eve ra l   o the r   i n s t ances  are noted  where  the  assumption  of   core   isotropy 

h a s   l e d   t o   t h e   e r r o n e o u s   u s e   o f   d i f f e r e n t i a l   e q u a t i o n s   t h a t  are two 

o r d e r s   l e s s   t h a n  i s  appropr i a t e .  

Ano the r   i n s t ance   i n   wh ich   t he   cha rac t e r i s t i c   equa t ion   f ac to r s  i s  

when q = 0 (beam b e h a v i o r ) .   I n   t h i s   c a s e  A j  and B a r e   r e l a t e d   b u t  

are independent  of C, (eqs.  (40), (41) ,  and ( 4 2 ) ) .  T h i s   r e f l e c t s   t h e  

fac t  that   the   "cyl indrical   bending ' '   of   the   sandwich beam i s  governed  by 

a s i x t h - o r d e r   r a t h e r   t h a n   a n   e i g h t h - o r d e r   d i f f e r e n t i a l   e q u a t i o n  (see 

d i scuss ion  a f t e r  eq.   (16)) .  

j 

The bending  and  thickness-shear   f requency  equat ion  for   the  s imply 

supported beam ( 0  = 0) i s  given  by  equat ions (55) and  (62) as 
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6x6 

By man ipu la t ion   o f   t he   rows ,   t h i s   de t e rminan t   can   be   r educed   t o   t he  

determinant   obtained from equat ion (97). Thus, the   s ix th-order   sys tem 

co r rec t ly   p red ic t s   t he   bend ing  and   th ickness-shear   f requencies   for   bo th  

the  s imply  supported beam and the   pane l .  

For   the clamped beam ( n  = 0) t h e   s i x t h - o r d e r   d i f f e r e n t i a l   e q u a t i o n  

a l s o   p r e d i c t s   t h e   c o r r e c t   f r e q u e n c y   e q u a t i o n .   I n   t h i s  case 

and a p p l i c a t i o n  of  

y i e lds ,7  

6 

d . . i .  = 0 i = l ,  2 , .  . ., 6 
j = 1  1 J  J 

where 

d3j  = z j  

d s j  = 2 3  
J 

- 
d . = (1 - r ' X ' W f 2  - r ' z . ) e  2 * .  J 

2J J 
- 

d = z . e  J 
m .  

4 j  J 
- 

d = z . e  J 3 
6 j  J 

d . = (1 - r ' X ' W f 2  
2J 

- 
m .  

d = z . e  J 
4 j  J 

- 
d = z . e  J 3 

6 j  J 

7Except for   the   t e rm (Io/Dq) ( a 2 / a t 2 )   ( r o t a r y   i n e r t i a )   t h e s e  

boundary  conditions are t h e  same as used  by  Smirnov i n   r e f e r e n c e  7 .  
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Hence, the  corresponding  f requency  equat ion  predicted  by  the  s ixth-order  

system is  

From the  e ighth-order   system  the  bending  and  thickness-shear  

f requency   de te rminant   for   the  beam s o l u t i o n  i s  

(See  eqs.  (54a), (55), and (62) .) The e l emen t s   E i j   a r e   g iven  by 

equat ions (55) and  depend  on  only s i x   o f   t h e   e i g h t   r o o t s   f o r  z For 

t h e  clamped beam these   e lements  are  s e e n   t o   b e   d i f f e r e n t  from t h e  

e l e m e n t s   d i j   p r e d i c t e d  by the   s ix th-order   sys tem  (eqs .   (102)) .  By 

using  equation  (98)  and  by  manipulating  the  rows of equat ion  (104) ,  

however, i t  i s  poss ib l e   t o   r educe   t he   e l emen t s   o f  lei j  I t o   t h e   c o r r e -  

sponding  elements  of  ldi, I . Thus, f o r   t h e  beam (TI = 0) , t he   s ix th -o rde r  

sys tem  pred ic t s   the  same clamped  bending  and  thickness-shear  frequency 

s o l u t i o n  as the  e ighth-order   system.  (Note  that   the   s ixth-order   system 

does   no t   g ive   the   th ickness- twis t   so lu t ion . )  For > 0 (pane l   r a the r  

than  beam) t h e  clamped  eighth-order  solution  depends on a l l  e i g h t   r o o t s  

of  t he   co r re spond ing   cha rac t e r i s t i c   equa t ion   ( s ee   eqs .   (49 ) ,  (SO), and 

( 5 1 ) ) ;   i n   t h i s   c a s e   t h e   s i x t h - o r d e r   s y s t e m   d o e s   n o t   a d e q u a t e l y   d e s c r i b e  

j '  

the   motion.  

The above r e s u l t s  show tha t   fo r   t he   s imp ly   suppor t ed  i s o t r o p i c  

panel   and  the  s imply  supported  or  clamped beam, t h e   s o l u t i o n  from t h e  

e ighth-order   sys tem  of   d i f fe ren t ia l   equa t ions   uncouples  and can  be 

expressed as a s i x t h -   p l u s  a second-order  system. The s o l u t i o n  i s  
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uncoupled in the  sense  that  the  sixth-order  system  predicts  the  bending 

and  thickness-shear  frequencies  while  the  second-order  system  indepen- 

dently  predicts  the  thickness-twist  frequencies.  In  the  approach  used 

by  Smirnov  a  single  differential  equation in  w corresponding to the 

sixth-order  system  only  is  obtained.  This  approach  is  therefore  not 

applicable  to  the  general  case  where  the  eighth-order  system  does  not 

uncoup 1 e. 
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111. . .  COMPUTATIONAL PROCEDURE . FOR ~- ~ 

OBTAINING NUMERICAL RESULTS - ~ _ _ _  

For the  type  of   aerodynamic-force  approximation  used  herein,   pairs  

of   pane l   f requencies   coa lesce  a t  c e r t a i n  dynamic p res su res ,   t hus  form- 

ing  !'frequency  loops!l i n   t h e  A , i? plane .   (See   f ig .  4. ) Below t h e  

peak  of a p a r t i c u l a r   l o o p   t h e  two f requencies   forming   the   loop  are rea.1 

and d i s t i n c t .   I n   t h i s  case the   mot ion   of   the   cor responding  modes i s  

s t a b l e .  A t  t he   peak   ( i . e . ,  where a A / a w  = 0) t h e  two frequencies   have 

coalesced;   they are s t i l l  real  a t  t h i s   p o i n t   b u t  are on  the  verge  of  

becoming  complex. Above the   peak   t he   pa i r  of f r e q u e n c i e s   e x i s t  as com- 

p l e x   q u a n t i t i e s  and  produce  an  oscil latory  diverging  motion  termed 

f l u t t e r   ( r e f .   1 8 ,  p .  245) .  The va lue   o f  A corresponding  to   the  peak 

of t he   l owes t   l oop   co r re sponds   t o   t he   c r i t i ca l  (minimum) f l u t t e r  

cond i t ion  and i s  des igna ted  A c r .  ( S e e   f i g .  4.) 

Points   on  the  f requency  loops are  combinations  of A and 2 f o r  

which t h e   r o o t s   z j   o f   t h e   c h a r a c t e r i s t i c   e q u a t i o n   a l s o   c a u s e   t h e  

corresponding  f requency  determinant   to   equal   zero.  A p r a c t i c a l   p r o c e -  

dure   for   de te rmining   the   f requency   loops  i s  t o  f i x  w and va ry  A 

between p resc r ibed  limits, computing f irst  t h e   r o o t s  z and then   t he  

frequency  determinant  D fo r   each  A .  These  s teps   can  be  repeated 

u n t i l  a value  of  A i s  found t h a t   d i f f e r s  from t h e   c o r r e c t   v a l u e   ( i . e . ,  

-2 

j 

D = 0) by on ly   an   accep tab le  amount. (An  a l l o w a b l e   e r r o r   i n  A o f  

0 .01   percent  was a c c e p t e d   i n   c a l c u l a t i n g   t h e   n u m e r i c a l   r e s u l t s   p r e s e n t e d  

h e r e i n . )  By incrementing w and repea t ing   the   above   process   one   can  -2 

sys t ema t i ca l ly   ob ta in   t he   f r equency   l oops .  Of cou r se ,   t he  same proce-  

dure  can  be  used  by  holding A f i x e d  and i t e r a t i n g   t o   s o l u t i o n s   f o r  E2. 
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Figure 4 . -  Frequency   coa lescence   behavior   i l lus t ra t ing  

c r i t i c a l   v a l u e  of  t h e  dynamic pressure  parameter .  
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A. . -. Roots   o f   the   Charac te r i s t ic   Equat ions  

In   r e f e rences  4 and 5 t h e   c h a r a c t e r i s t i c   e q u a t i o n  was a 

fourth-order  polynomial whose roo t s   cou ld   be  computed a n a l y t i c a l l y .  The 

cha rac t e r i s t i c   equa t ions   ob ta ined   he re in  are eighth-   and  s ixth-order  

polynomials  (eqs.   (21),  ( 2 3 ) ,  and (26) )  and t h e i r   r o o t s  were computed 

numerical ly ,   us ing  Bairs tow's  method as programmed i n   r e f e r e n c e  19. A s  

a check  on  the  accuracy  of   the  computat ions,   the   coeff ic ients  of t h e  

polynomial as computed  from t h e   r o o t s  were compared wi th   t he   i npu t  

c o e f f i c i e n t s ;   t h e   c o e f f i c i e n t s   g e n e r a l l y   a g r e e d   t o   1 2   d i g i t s   o r   b e t t e r .  

(Al l   computa t ions   were   per formed  in   double   p rec is ion   a r i thmet ic . )  

There i s  no g u a r a n t e e   t h a t   t h e   a r r a y  of r o o t s   r e t u r n e d  from t h e  

roo t   f i nd ing   sub rou t ine  w i l l  be   o rdered   in  a cons i s t en t ,   sys t ema t i c  

manner.  For  example, when X = X1 t h e  two r o o t s   s t o r e d   i n  z(1) and 

z(2) may be  the  most  negative and the  second  most   negat ive  roots ,  

r e s p e c t i v e l y .  On the   nex t  t r i a l  value  of  A ,  A = X1 + A X ,  t h e   r o o t s  

s t o r e d   i n   z ( 1 )  and z(2) may be t h e  second  most  negative  and  the  most 

nega t ive   roo ts ,   respec t ive ly ,   wi th   the   remain ing   roo ts   o rdered   in   the  

same sequence as f o r  X = A 1  ( s e e   f i g .  5 ) .  Computing the  f requency 

determinants  D ( A )  and D ( A  + A X )  wi th   the  names ( i .  e . ,  z1 and z2) of 

t h e  two most   negat ive  roots   interchanged when A = A 1  + A X  i s  equiva- 

l e n t   t o   i n t e r c h a n g i n g  columns 1 and 2 of D(A1 + A X ) ,  hence  producing a 

fa lse  change  of s ign .   S ince  a s ign   change   ind ica tes   the   ex is tence   o f  a 

s o l u t i o n   i n   t h e   i n t e r v a l  A A ,  a cons i s t en t ,   sys t ema t i c   p rocedure   fo r  

o r d e r i n g   t h e   r o o t s  must   be   incorpora ted   in   the  programming t o   p r e v e n t  

the   occur rence   o f  f a l se  changes in   t he   s ign   o f   t he   f r equency   de t e rminan t .  
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\x = x, 

P(Zj) = CHARACTERISTIC  EQUATION 

/ 
/ 

G2= CONSTANT 

Figure 5.- Schematic  of  characteristic  equation  for  two 

values of X with  fixed G2. 
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The approach  used  herein was t o   i d e n t i f y   t h e  real  and  complex r o o t s  and 

t h e n   t o   s o r t  and name them accord ing   to   the   magni tude   and   s ign   of   the i r  

real and imaginary   par t s .  

B.  Frequency  Determinant 

Some o f   t h e   r o o t s   z j  w i l l  u sua l ly   be  complex, thus   caus ing  

elements  of  columns j o f   t he   f r equency   de t e rminan t   t o   be  complex a l s o .  

S i n c e   t h e   c o e f f i c i e n t s   a p p e a r i n g   i n   t h e   c h a r a c t e r i s t i c   e q u a t i o n  

P ( z j )  = 0 are real ,  however,  complex roots w i l l  o c c u r   i n  complex  con- 

juga te   pa i r s .   Th i s   a l l ows   t he   f r equency   de t e rminan t   t o   be  computed  from 

a mat r ix   o f  real  numbers. To show t h i s ,   c o n s i d e r   t h e  4x4 determinant  

where E j  = E ( z j )  and F = F ( z j )  are  a n a l y t i c   f u n c t i o n s  o f  
j 

‘j J 
= m . / r  = ( a j / n )  + i ( 6 . / r )   t h a t  are real when z, i s  real .  
- 

J 

(Eq.  (105) i s  o f   t he  same form as the   f requency   de te rminants   der ived  

he re in . )  Then i f  z1 and z 2  are complex c o n j u g a t e s ,   l e t  

* nz2 = n z l  = a1 - i s l  = m l  ”* 

so D becomes 
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By t h e   p r i n c i p l e   o f   r e f l e c t i o n   ( r e f .  20), E(z l )  = [E(z l ) ]* ,  and so  on, 

g iv ing  

If column 2 i s  added t o  column 1, t h e   q u a n t i t y  2 f ac to red  from t h e  

new column 1, and t h e   r e s u l t i n g  column 1 sub t r ac t ed  from  column 2 ,  t h e  

above  expression f o r  D s i m p l i f i e s   t o  

D = - 2 i  

where R and I deno te   t he   r ea l  and   imaginary   par t s ,   respec t ive ly ,  of  

th8   b racke ted   express ions  and  where iiil = a1 + i 6 1  has  been  used. 

Note t h a t  D i s  pure ly  imaginary when 23  and 24  are r ea l .  If 2 3  and 

z4 are a l s o  a complex conjugate   pa i r   (1~23 = ~3 = a3 + i 6 3 ,  z 4  = z;), 

then  columns 3 and 4 can  be  manipulated  in   the same manner t o   g i v e  
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~ [ ~ ~ e ~ ~ l ] e ~ l  IIEleiS1]eal R[E3eis3]ea3  I[E3eiG3]ea3 
D = (-2i12 

which  is  a rea2 number. 

The  above  procedure  applies  to an  nxn  determinant  whose  elements 

are  of  the  form  of  equation (105). Thus,  the  frequency  determinants 

considered  herein  can  be  computed  from  determinants  whose  elements  are 

real  rather  than  complex.  This  result  is  useful  since  it  gives  one 

access  to a wider  range  of  available  methods  for  evaluating  the 

determinants. 
- a. 

The  terms e J and  emj  appearing  in  the  frequency  determinants 

can  cause  a  computer  overflow  condition  for  large  positive  exponents 

(i.  e. , emJ  may  be  too  large  a  number f o r  the  computer  to  represent). 

A simple  way  to  avoid  this  problem  is t o  write  the  elements  of  the 

determinants so that  no  positive  real  exponents  occur.  For  example, 

- 

consider  equation (106) with a1 

equation  (106)  can  be  written 

R [E11 1 [Ell 

R[Elei61] I [Eleisl] 
D = -2i 

R [Fll I [Fll 

RIFleiS1] I [FleiG1] 

E3 

or 
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where A is  the   de te rminant   o f   the  4x4 m a t r i x   i n   t h e  above  equation. 

Since it i s  o n l y   t h e   s i g n  of t he   f r equency   de t e rminan t   t ha t  i s  o f   i n t e r -  

es t  ( a s  D passes   through  zero) ,  i t  i s  on ly   necessa ry   t o  compute A ,  

which con ta ins  no elements  having e r a i s e d   t o  a p o s i t i v e  real  power. 

I t  should  be  noted  that  some o f  the elements   of   the   f requency 

determinants   der ived  herein  involve terms where b j ,   y j ,  and z appear 

i n   t he   denomina to r .  If one   o f   these   quant i t ies   passes   th rough  zero   (as  

X o r  F2 i s  being  incremented)  the  frequency  determinant D w i l l  change 

s i g n  by pass ing   th rough  p lus  and  minus i n f i n i t y ,   r a t h e r   t h a n  by pass ing  

through  zero.   Thus,   the  form  of  the  frequency  determinant  should  be 

modified so as t o   p r e v e n t  D from  becoming in f in i t e .   Th i s   can   be   done  

by mul t ip ly ing   the   e lements  of  column j by the   appropr i a t e   p roduc t s  

o f   b j ,   y j ,  and z so t h a t  none  of t h e s e   t h r e e   q u a n t i t i e s   a p p e a r   i n   t h e  

denominator o f  any  element. 

j 

j 
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I V .  NUMERICAL RESULTS AND DISCUSSION 
.. 

The p rocedure   d i scussed   i n   chap te r  I11 has  been  used  to  compute 

f r equency   l oops   and   f l u t t e r   boundar i e s   fo r  a se l ec t ed   r ange   o f  param- 

eters. These r e s u l t s ,  which are d i s c u s s e d   i n   t h e   f o l l o w i n g   s e c t i o n s ,  

i n d i c a t e   t h e  effects and  importance of  the   face   shee t   bending  s t i f f -  

n e s s ,   r o t a r y   i n e r t i a ,   a n d   o r t h o t r o p i c   c o r e   s h e a r   s t i f f n e s s e s .  

A.  Effects of  Face Sheet  Bending S t i f f n e s s  

The in f luence   o f   t he  two face shee t   bend ing   s t i f fnes ses  D f l  and 

Df, is f e l t  through  the  parameter  T = (Dfl + Df2)/Ds. If both face 

shee t s  are  i d e n t i c a l   t h i s   p a r a m e t e r  becomes T = (1/3) { ( f / c ) /  [1+ ( f / c ) ]  l2 

which  depends  only  on  the face s h e e t   t o   c o r e   t h i c k n e s s   r a t i o   ( f  = f a c e  

th i ckness  and c = core   t h i ckness ) .  

In   r e f e rence  4 ,  f l u t t e r   b o u n d a r i e s  were c a l c u l a t e d   f o r  sandwich 

panels  having  clamped o r  s imply  supported  leading  and  t ra i l ing  edges and 

simply  supported  side  edges.   These  results,   which  were from an   ana lys i s  

t ha t   neg lec t ed   t he  face s h e e t   b e n d i n g   s t i f f n e s s ,   p r e d i c t e d   t h a t   f o r   b o t h  

a square  panel  (rl = 1) a n d   a n   i n f i n i t e l y  wide  panel (q = 0 ,  i . e . ,  a 

beam) t h e  clamped  edge cond i t ion   g ives  a lower f l u t t e r   s p e e d   t h a n   t h e  

simply  supported  edge  condition when t h e   s h e a r   f l e x i b i l i t y   p a r a m e t e r ,  

r ' , exceeds a va lue  o f  about  0 .2 .  

8For a n   i s o t r o p i c   c o r e  and i d e n t i c a l  face s h e e t s  

where Ef and Gc are Young's  and t h e   s h e a r  modulus o f  face and  core, 

r e s p e c t i v e l y .  

69 

I 



Tha t   an   i nc rease   i n   boundary   r e s t r a in t   cou ld   l ower   t he   f l u t t e r  

speed was an   unexpec ted   r e su l t .   I ndeed ,   Smi rnov ' s   f l u t t e r   ana lys i s   o f  

the  sandwich beam ( r e f .  7) showed t h a t   f o r   ' l l a r g e "   v a l u e s   o f  f / c  and r '  

( f / c  = 0.632, r '  = n2) t h e  clamped  edge condi t ion   does   g ive  a higher  

f lu t te r   speed   than   the   s imply   suppor ted   edge   condi t ion .   S ince  Smirnov 

d i d   n o t   p r e s e n t   r e s u l t s   c o r r e s p o n d i n g   t o  smaller va lues   o f  f / c ,  i t  was 

no t   poss ib l e   t o   de t e rmine   whe the r   t he   d i f f e rence   i n   t he  effect  of t h e  

boundary  conditions  predicted by r e fe rence  7 (where T > 0 )  and refer- 

ence 4 (where T = 0) was due   to   the   " la rgeness"   o f   the  f / c  chosen by 

Smirnov ( r e f .  7 ) ,  o r  whether i t  was the   neglec t   o f  T i n   r e f e r e n c e  4 .  

Neglecting T lowers   the   o rder   o f   the  beam d i f f e r e n t i a l   e q u a t i o n s  from 

s ix th   t o   fou r th   o rde r   ( s ee   eq .   (26 ) )  and raises t h e   p o s s i b i l i t y   t h a t  

l i m  AAr(f/c) # A:r (0) (refs. 21  and 2 2 ) .  
f /c+o 

To i n v e s t i g a t e   t h i s   p o s s i b i l i t y ,   f l u t t e r   b o u n d a r i e s  were  computed 

from t h e   s o l u t i o n s   t o   t h e   s i x t h - o r d e r  beam equa t ions   de r ived   he re in   fo r  

clamped  and  simply  supported  edges,  and f o r  f / c  ranging from 0 . 0 1   t o  

0.632. These r e s u l t s   a r e  shown i n   f i g u r e  6 where t h e   v a r i a t i o n   i n  A L r  

with f / c  i s  presented   for  r '  = 0, 0 . 4 ,  and 2 . 0  (with k i  = X '  = 0 ,  

i . e . ,  no in-p lane   load ,  and r o t a r y   i n e r t i a   n e g l e c t e d ) .  The curves 

labe led  r '  = 0 cor respond  to   pane ls   having   an   in f in i te   shear   modulus ,  

and i n   t h i s  case the   on ly  effect  of T i s  t o   i n c r e a s e   t h e   v a l u e s   o f  

computed  from t h e  T = 0 a n a l y s i s  by t h e   f a c t o r   ( 1  + T) (see 

eq.   (26)).   (Note  that   Ds(l  + T )  equa l s   t he   t o t a l   pane l   bend ing  s t i f f -  

ness . )  Fo r  r '  = 0.4,  t h e  clamped beam has a lower f l u t t e r  boundary  than 
~~ . 

9By ( f / c )  + 0 it  i s  unde r s tood   t ha t   ( f / c )   goes   t o   ze ro   on ly   i n   t he  

expres s ion   fo r  T .  
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Figure 6.- Effect of  face  sheet to core  thickness  ratio on flutter 

boundaries of sandwich  beams; rl = ki = X' = 0 .  
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the   s imply   suppor ted  beam u n t i l  f / c  0.53 where the   boundar ies   c ross .  

The same s i t u a t i o n   e x i s t s   f o r  r 1  = 2.0 except   tha t   the   boundar ies   c ross  

i n d i c a t i n g   t h a t   t h e   f l u t t e r   s o l u t i o n s   t o   t h e   f o u r t h - o r d e r  beam equat ion  

p r e s e n t e d   i n   r e f e r e n c e  4 c o r r e c t l y   d e s c r i b e   t h e  beam bending  behavior 

f o r   s u f f i c i e n t l y  small va lues  of f /c .  For va lues  of f / c  g r e a t e r   t h a n  

zero   the  face bend ing   s t i f fnes s  i s  seen t o  inc rease   i n   impor t ance  as t h e  

s h e a r   f l e x i b i l i t y   p a r a m e t e r   ( r ' )   i n c r e a s e s .  

The behavior   of   the   f requency  loops  for   four   points  on t h e  r '  = 2.0 

f l u t t e r   b o u n d a r i e s   o f   f i g u r e  6 are shown in   f i gu re   7 .   These   l oops  are 

formed  by the   lowes t  two na tu ra l   f r equenc ie s   o f   t he  beam. The t h i r d  and 

f o u r t h ,   f i f t h ,  and s i x t h ,  and presumably a l l  h igher   f requencies   coa lesce  

a t  l a r g e r   v a l u e s   o f  A ' .  For A '  = 0 (no a i r f low)   t he   f r equenc ie s  

behave i n   t h e   " u s u a l "  manner,  namely t h a t   t h e i r   v a l u e s  are increased  by 

an   i nc rease   i n   boundary   r e s t r a in t .   A l so ,   an   i nc rease   i n   pane l   s t i f fnes s  

(due t o   i n c r e a s i n g   f / c )   c a u s e s   a n   i n c r e a s e   i n   t h e s e   f r e q u e n c i e s .  Corn- 

p a r i s o n   o f   f i g u r e s   7 ( a )  and 7 ( d )   i n d i c a t e s   t h a t  f / c  has a l a r g e r  

effect  on  the  clamped beam f requencies   than  on those  of   the  s imply 

supported beam. 

For A '  > 0 t h e  beam vibrational  motion  induces  an  aerodynamic 

loading  which  subjects  the beam t o  a nonconse rva t ive   fo rce   d i s t r ibu t ion  

( r e f .   1 8 ) .  The s t a b i l i t y   o f   s u c h  a nonconse rva t ive   e l a s t i c   sys t em i s  

no t   necessa r i ly   i nc reased   w i th   an   i nc rease  i n  t h e   f o r c e s   o f   r e s t r a i n t .  

In   r e f e rence  23, f o r  example, t h e   d e s t a b i l i z i n g   e f f e c t   o f   i n c r e a s i n g  

d e f l e c t i o n a l   s p r i n g   s u p p o r t   s t i f f n e s s  a t  panel  boundaries was no ted   fo r  

ce r t a in   pane l   con f igu ra t ions .   In   f i gu re  7 t h i s  same type of  behavior i s  
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observed   for  f / c  = 0.01  and f /c  = 0.20  where  an  increase  in   boundary 

r e s t r a i n t  from the  s imply  supported  (zero moment) t o   t h e  clamped 

(nonzero moment) edge  condition i s  d e s t a b i l i z i n g .  

The v a r i a t i o n   i n  A L r  wi th  r '  i s  shown i n   f i g u r e s   8 ( a )  and  8(b) 

f o r  f / c  = 0.01 and f /c  = 0.632,   respec t ive ly  (q = k i  = X' = 0 ) .  For 

f / c  = 0.01, t h e  clamped  edge  conclition  gives a h i g h e r   f l u t t e r  boundary 

than  the  s imply  supported  edge  condi t ion when r '  i s  less than  about  0.2.  

For  0.2 < r l  < l O  the   s imply  supported beam i s  more s t a b l e   t h a n   t h e  clamped 

beam. The f l u t t e r   b o u n d a r i e s   p r e s e n t e d   i n   r e f e r e n c e  4, f o r   0 5 r 1 5 2  

and T = 0 ( f / c  = 0) ,  are e s s e n t i a l l y   i d e n t i c a l   t o   t h e  r '  5 2 po r t ion   o f  

t h e   c u r v e s   i n   f i g u r e   8 ( a ) .  In  f i g u r e   8 ( b ) ,   f / c  i s  e q u a l   t o  0.632 and 

i n   t h i s   c a s e   t h e  clamped  boundary i s  never  lower  than  the  simply 

suppor ted   boundary ,   a l though  in   the   range  0.5 r ' <  0.8, they  do 

co inc ide .  A t  r '  = r2, the   curves   pass   th rough  the   so lu t ions   ob ta ined  

by Smirnov i n   r e f e r e n c e  7 .  

In   r e f e rence  5, t h e   a n a l y s i s   o f   r e f e r e n c e  4 (T = 0) was u s e d   t o  

compute f l u t t e r   b o u n d a r i e s   f o r  a wide  range  of  simply  supported  panel 

conf igu ra t ions .  For   pane ls   suppor t ing   an   in -p lane   t ens ion   load   in   the  

a i r f l o w   d i r e c t i o n   t h e   t h e o r y   p r e d i c t e d   t h a t   a n   i n c r e a s e   i n   c o r e   s h e a r  

s t i f f n e s s   ( d e c r e a s e   i n   r )   c o u l d   l o w e r  Acr. This  i s  i l l u s t r a t e d   i n  

f i g u r e  9 (taken  from r e f .  5) which i s  f o r  n = r) = 1, k = T = X = 0, 

and k, = -4 .  (For r = 0, t he   va lue  k, = -4 r e p r e s e n t s  a t e n s i l e   l o a d  

with a magnitude  equal   to   the  buckl ing  load  of   the  panel  a t  zero dynamic 

p r e s s u r e . )  I t  i s  s e e n   t h a t  A,, f o r  r = 2 i s  more than  a t h i r d  

l a r g e r   t h a n  X,, a t  r = 0 ( i n f i n i t e   s h e a r   s t i f f n e s s ) .  To determine 

whether  the face bend ing   s t i f fnes s  affects t h i s   b e h a v i o r   ( d e c r e a s e   i n  

Y 
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Figure 8.- Effect of shear  flexibility on  flutter  boundaries of 

sandwich  beams; rl = ki = X' = . O .  
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f lu t te r  speed  with increase i n   c o r e   s h e a r   s t i f f n e s s ) ,   t h e  first seven 

f r equency   l oops   fo r   t he   po in t  r = 2 ,  o f   f i g u r e  9 ,  were computed  from 

t h e   a n a l y s i s   h e r e i n   f o r  f / c  = 0.01. T h e s e   r e s u l t s  are p r e s e n t e d   i n  

f igure  10  where it i s  s e e n   t h a t   t h e  first two bending  frequencies ( B 1  

and B2) coa le sce  a t  X,, = 1231.  This i s  t h e  same va lue  f o r  X,, 

obtained  with T = 0.  T h u s ,   t h e   f l u t t e r   b o u n d a r y   i n   f i g u r e  9 appears  

to   be   unaf fec ted   by  small, but   nonzero,   values  of f / c  (or  T ) .  

B.  Effects o f   R o t a r y   I n e r t i a  

I n   t h e   p r e c e d i n g   s e c t i o n   t h e   f l u t t e r   c o n d i t i o n   c o r r e s p o n d e d   t o  

the   coa lescence   o f   the   lowes t  two bending mode f requencies  as i l l u s -  

t r a t e d   i n   f i g u r e   1 0 .  I t  was mentioned in   t he   d i scuss ion   o f   equa -  

tions  (19)  and (20) t h a t   t h e   i n c l u s i o n   o f   b o t h   r o t a r y   i n e r t i a  and shear  

f l e x i b i l i t y   i n   t h e   a n a l y s i s   a d m i t s   t h e  two addi t ional   motions  termed  the 

th ickness-shear  and th i ckness - twi s t  modes. In   genera l ,   bo th   o f   these  

mot ions   p roduce   t ransverse   def lec t ions   w(x ,y , t )   perpendicular   to   the  

p a n e l ’ s  undeformed  middle  surface.   In  such  cases  there i s  t h e   p o s s i -  

b i l i t y  of frequency  coalescence  from a l l  th ree   types   o f   mot ion   s ince  a 

t r a n s v e r s e   d e f l e c t i o n  from  any of  t h e   p o s s i b l e  modes will in f luence   t he  

aerodynamic  loading  which i n   t u r n  may change  the  panel   response.  

For a s imply  supported  panel   with an i s o t r o p i c   c o r e   t h e r e  i s  no 

t ransverse   mot ion   assoc ia ted   wi th   the   th ickness- twis t  modes ( see  

e q s .   ( 8 1 ) ) .   I n   t h i s   c a s e ,   o n l y   t h e   b e n d i n g  and  thickness-shear  modes 

in te rac t   wi th   the   aerodynamics .  The t y p i c a l   v a r i a t i o n   o f   t h e   i n - v a c u o  

(X = 0) values   of   these  bending  and  thickness-shear   f requencies   with  the 
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r o t a r y   i n e r t i a   p a r a m e t e r ,  X ,  i s  shown i n  figure 11.l' The f irst  14 

bending  f requencies ,   labeled B 1  through B14, are near ly   independent   of  

X whereas  the first two th ickness-shear   f requencies ,   l abe led  TS1 and 

TS2, are approximate ly   inverse ly   p ropor t iona l  t o  x. (These  bending 

and  thickness-shear   f requencies  were computed  from eqs . (20) . )  

Except   for  X ,  the   panel   parameters   used  to   compute  the  f requency 

c u r v e s   i n   f i g u r e  11 are t h e  same as u s e d   i n   f i g u r e   1 0 ,  where X = 0. 

Thus,   the x = 0 va lues   fo r   t he   bend ing   f r equenc ie s   o f   f i gu re  11 cor re -  

spond t o   t h e   i n t e r s e c t i o n   o f   t h e   f r e q u e n c y   l o o p s   w i t h   t h e  A = 0 l i n e  

i n   f i g u r e  10. For X > 0, the   f requency   loops   o f   f igure  10 are a l t e r e d  

as a r e s u l t   o f   t h e   t h i c k n e s s - s h e a r  modes. This  i s  i l l u s t r a t e d   i n  

f i g u r e s   1 2 ( a )   t o   1 2 ( e ) .  

The most s t r i k i n g   f e a t u r e   o f   f i g u r e   1 2 ( a )  (X = 0.002) i s  t h a t   t h e  

f i f t h  bending  frequency ( B 5 )  has  broken away from the   s ix th   bending  

frequency ( B 6 ) .  The B 6  frequency now coalesces   with B7 while B5 p re -  

sumably coa lesces   wi th  some higher   f requency mode. Note t h a t   f o r  x = O  

( f i g .  l o ) ,  t h e  f irst  frequency  loop  determines X,, s ince  each  succeed- 

ing  loop  coalesces a t  success ive ly   l a rge r   va lues   o f  X .  O f  t h e  f i r s t  

s ix   f requency  loops shown f o r  X = 0.002 ( f i g .   1 2 ( a ) )   t h e  f irst  loop 

s t i l l  coa lesces  a t  a smaller  X t han   t he   o the r s .  However, each 

'OFor pane ls   having   ident ica l  faces, and co res  which are l i g h t  

compared t o   t h e  face shee t   we igh t ,   t he   ro t a ry   i ne r t i a   pa rame te r  i s  

given,  approximately,  by 

80 



I 

900 

800 

700 

600 

500 

w -2 

400 

30C 

2oc 

100 

\ 
-K 

B I4 

B I3 

B 12 

B I I  

B 10 

B 9  

8 8  

87 

B 6  

B 5  

8 4  
6 3  
8 2  
B I  

0 .002 -0 04 .006 .008 .o IO 
X 
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frequencies  with  rotary  inertia  parameter;  n = q = 1, r = 2, 

k, = -4, ky = 0, f/c = 0.01, X = 0; simply  supported  edges. 

81 



x 

I500 

IO00 

500 

0 

w -2 

(a) x = 0.002 

Figure 1 2 . -  Effect o f   r o t a r y   i n e r t i a  on  frequency  loops of  f i g u r e  10; 
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Figure 1 2 . -  Continued. 
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(c) X = 0.006 

Figure 1 2 . -  Continued. 
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succeeding  loop  does  not  coalesce a t  success ive ly   l a rge r  X (note  

B12-B13). This  raises t h e   p o s s i b i l i t y   t h a t  X,, may be  determined  by 

some s t i l l  higher  frequency modes. 

Increas ing  X t o  0.004 r e s u l t s   i n   a d d i t i o n a l   c h a n g e s   i n   t h e  modes 

which coalesce.  As shown i n   f i g u r e   1 2 ( b ) ,   t h e  B 1  mode has  now broken 

away from B2. I n   a d d i t i o n   t h e  f i rs t  th ickness-shear   na tura l   f requency  

(TS1) i s  nea r   t he  B12 frequency,  with  which it coa le sces .  O f  the   seven 

frequency  loops shown t h e   f i f t h   l o o p  (formed  by B10 and B11) coa lesces  

a t  a smaller A t han   t he   o the r s .  An i n c r e a s e   i n  x t o  0.006 

( f ig .   12 (c ) )   aga in   changes   t he   pa t t e rn  and the   fou r th   l oop  (formed  by 

B8 and B9) coa lesces  a t  t he   sma l l e s t  X .  

When X i s  i n c r e a s e d   t o  0.008 ( f ig .   12 (d ) )   t he  B8 and TS1 

frequencies   coalesce  and become complex a t  X = 616. Note t h a t   t h i s  i s  

50 pe rcen t   l e s s   t han  Xcr f o r  X = 0 ( f i g .   1 0 ) .  However, when X i s  

inc reased   t o  709,  these   f requencies  become real  aga in ,  making the  motion 

of  the  corresponding modes s t a b l e .  The mot ion   r ema ins   s t ab le   un t i l  a 

second i n s t a b i l i t y   r e g i o n  i s  reached a t  X = 995.  This  type  of  behavior 

( r e g i o n   o f   s t a b i l i t y  bounded above  and  below  by  unstable  regions) was 

a l s o   n o t e d   i n   r e f e r e n c e  23 f o r   o r t h o t r o p i c   p a n e l s  mounted  on 

de f l ec t iona l   sp r ing   suppor t s .  

For x = 0.010  ( f ig .   12(e))   the   in-vacuo  values   of   the  B 1 1  and TS2 

f r equenc ie s   a r e   nea r ly   equa l .  A s  h i nc reases  t o  about 320 they  become 

equal  but  remain real  ( i . e . ,   t h e   c o r r e s p o n d i n g  modes v i b r a t e  a t  t h e  same 

frequency  but  are s t a b l e ) .  The v i b r a t i o n s   o f   t h e s e  modes remain   s tab le  

u n t i l  X i s  increased  t o  1042  where t h e i r   f r e q u e n c i e s   f i n a l l y   c o a l e s c e .  
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This  frequency  crossover  behavior,   with  the  frequencies  remaining real ,  

is similar t o  r e s u l t s   o b t a i n e d   i n   r e f e r e n c e  24 fo r   pane l s   cove r ing   an  

enc losed   cav i ty .  

Another effect o f   t h e   r o t a r y   i n e r t i a  i s  t h a t  i t  makes t h e   s o l u t i o n  

f o r  Acr dependent   on  ky.   This   differs   f rom  the  solut ion  of  refer-  

ence 4 where the  f requency  and  crossf low  loading terms always  grouped 

i n   t h e   c h a r a c t e r i s t i c   e q u a t i o n  as i? + n2ky, a change i n  ky merely 

sh i f t i ng   t he   f r equency   l oops   a long   t he  ET2 axis .   This   un ique   grouping  

does   no t   occur   for  X > 0 (see  eqs.   (22c),   (24),   and  (27)) . 
The s e n s i t i v i t y   o f   t h e   f r e q u e n c y   l o o p s   t o  ky f o r  X = 0.010 is  

ind ica t ed  by  comparing f igu re   12 (e )   w i th   f i gu re   13 .  The on ly   d i f f e rence  

i n   t h e   p a r a m e t e r s   s e l e c t e d   f o r   t h e s e   f i g u r e s  i s  t h a t  k = 0 i n   f i g -  

ure  12(e)  whereas ky = -4 ( t ens ion   l oad )   i n   f i gu re   13 .  One e f f e c t   o f  

the  change  from k = 0 t o  ky = -4 i s  tha t   the   in -vacuo  bending  f re-  

quencies are increased  from Z2 to   approximate ly  7Z2 + 4 .  The in-vacuo 

thickness-shear  frequencies,   however,  are e s s e n t i a l l y   u n a f f e c t e d  by t h i s  

change i n  ky. The f requency   loops   for   bo th   va lues   o f  ky a r e   q u i t e  

similar, being formed by t h e  same f requency   pa i r s  and coa lesc ing  a t  

corresponding  values   of  X t h a t   d i f f e r  by l e s s   t h a n  2 percent.   Thus,  

a t  l ea s t   fo r   t he   pa rame te r s   cons ide red ,   t he   c ros s f low  load ing   t e rm 

has  only a minor effect  on  frequency  coalescence.  

Y 

Y 

kY 

C .  Effects of  an  OrthotroDic  Core 

One o f   t he   e f f ec t s   o f   an   o r tho t rop ic   co re   ( rx  # r y )  i s  i l l u s t r a t e d  

i n   f i g u r e   1 4 ,  where rx = 2.0 and ry = 0.5 ( a l l   o t h e r   c o n d i t i o n s   a r e   t h e  

same as i n   f i g .   1 2 ( d ) ) .  I t  i s  seen   t ha t   t he   t h i ckness - twi s t   f r equenc ie s  

(TT1, TT2, and TT3) are no longer  independent  of X and t h a t  

88 



2500 

2000 

I500 

x 
1000 

500 

0 

5 
m 

100 200 300 400 500 600 700 800 900 

Figure   13 . -  Effect of crossf low  loading  on  f requency  loops of 

f i g u r e   1 2 ( e ) ;  n = q = 1, r = 2,  k, = -4, k = -4 ,  

f / c  = 0.01, X = 0.010; simply  supported  edges.  

Y 

89 



2500 

2000 

I500 

x 
1000 

500 

0 

P 
1 

w -2 

90 



they  now coa lesce   wi th   the   bending   f requencies .  For t h i s   p a r t i c u l a r  

choice  of   parameters  it is a l s o   s e e n   t h a t   t h e  first two th ickness-shear  

f requencies  (TS1 and TS2) do not coa lesce   wi th   the i r   ad jacent   bending  

frequencies .   Their   behavior  i s  now similar t o   t h e  f i rs t  bending 

frequency. 

In  the  remaining  examples of pane ls   having   or thot ropic   cores   the  

ro t a ry   i ne r t i a   has   been   neg lec t ed  (X = 0) and X,, i s  determined from 

the   coa lescence   o f   the   lowes t  two bend ing   f r equenc ie s .   Th i s   f ac i l i t a t e s  

t he   ca l cu la t ion   o f  X,, so  t h a t   t h e   g e n e r a l   e f f e c t s   o f   c h a n g e s   i n   c o r e  

or thot ropy  can be  determined  with much less numerical  computation. 

Figure  15 shows t h e   v a r i a t i o n   i n   t h e   f l u t t e r  dynamic p res su re  

parameter (Xcr o r  A&)  w i th   l eng th -wid th   r a t io  (Q = a / b )   f o r   t h r e e  

v a l u e s   o f   t h e   s h e a r   f l e x i b i l i t y   p a r a m e t e r  r (or  r') and wi th  rx 

(or  r i )  he ld   cons tan t .  A l l  r e s u l t s  are p r e s e n t e d   i n  terms of param- 

e t e r s   d e f i n e d  by the   shor tes t   pane l   d imens ion   ( length  o r  width).  Thus, 

f o r   a / b  1 the  primed  parameters  (defined by a)  must  be  used  whereas 

f o r   a / b  1 t h e  unprimed  parameters  (defined  by  b)  must  be  used. The 

so l id   cu rves  are from the   exac t   so lu t ions   de r ived   he re in  and  were com- 

puted  with  f /c  = 0.01 i n   t h e   e q u a t i o n   f o r  T. For t h e   i s o t r o p i c   c o r e  

( rx  = ry, r; = r') t h e   f l u t t e r  boundary   co inc ides   wi th   the   resu l t s   o f  

r e fe rences  4 and 5 wherein  the face shee t   bend ing   s t i f fnes s  was 

neglected (T = f / c  = 0). The f l u t t e r   b o u n d a r i e s   f o r   t h e   o r t h o t r o p i c  

c o r e s   ( r  z rx )   b racke t   t he   boundary   fo r   t he   i so t rop ic   co re   excep t  a t  

a /b  = 0 where t h e   s o l u t i o n  i s  independent  of ry (see   eqs .  (26), (42), 

and  (53)). The dashed   curves   in  figure 15  are from t h e  two-mode 
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Gale rk in   so lu t ion   o f   r e f e rence  9. l 1  This   approximate   so lu t ion   pred ic t s  

t h e   c o r r e c t   t r e n d s   f o r   t h e   r a n g e  of parameters shown but   underest imates  

t h e   e x a c t   s o l u t i o n s  by a cons iderable  amount. 

The f requency   loops   for   the   square   pane l   having  rx = 0.4 and 

r = 0 . 2  (peak  of   sol id   and  dashed  boundaries   in   f ig .   15)  are shown i n  

figure 16. The loop   pred ic ted  by t h e  two-mode Galerk in   so lu t ion  i s  

symmetric about a l i n e  midway between  the two in-vacuo  f requencies  

(X = 0) ,  whereas  the exact l o o p   l e a n s   t o   t h e   r i g h t  and coa le sces  a t  a 

cons ide rab ly   l a rge r   va lue   o f  X .  Note t h a t   t h e   G a l e r k i n   s o l u t i o n  

cor rec t ly   p red ic t s   the   in -vacuo  f requencies   because   the  two modes used 

i n   t h e   G a l e r k i n   s o l u t i o n  are the   exac t  mode shapes   fo r  X = 0. 

Y 

F i g u r e   1 7   i n d i c a t e s   t h e   v a r i a t i o n   i n  A,, w i th   changes   in   the  

c o r e   s h e a r   f l e x i b i l i t i e s   ( r x ,  r ) f o r  a square  panel .  The s o l i d  and 

dashed  curves are f o r  clamped  and  simply  supported  leading  and  trail ing 

edges ,   respec t ive ly .   These   curves  show t h e   v a r i a t i o n   i n  A,, w i th  r 

f o r  rx = 0 . 4 .  The c i r c u l a r  symbol s   l oca t e   so lu t ions   fo r   i so t rop ic  

co res  and ind ica t e   changes   i n  X,, wi th   changes  in  rx f o r  

ry = cons tan t .  By no t ing   t he   changes   t ha t   occu r   i n  X,, as rx and r 

a r e   v a r i e d ,  from i n i t i a l   e q u a l   v a l u e s   t o   f i n a l   e q u a l   v a l u e s ,   o n e   c a n  

de te rmine   the   re la t ive   impor tance   o f  rx and r 

Y 

Y 

Y 

Y '  

l l I n   r e f e r e n c e  9 t h i s  two-mode s o l u t i o n  was der ived  for t h e  more 

genera l  case of  a panel   having  both  or thotropic   bending and o r t h o t r o p i c  

s h e a r   s t i f f n e s s e s .  The r e s u l t s  shown i n   f i g u r e   1 5  are f o r   i s o t r o p i c  

bend ing   s t i f fnes s  and the  corresponding two-mode s o l u t i o n ,   i n  terms of  

the   no ta t ion   u sed   he re in ,  i s  g iven   in   appendix  D .  
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a rx = r,, = 0.2 
\ 

- 
SIMPLY SUPPORTED  LEADING  AND 
TRAILING EDGES 

\ \ 

LCLAMPED LEADING AND TRAILING EDGES 

SIMPLY 
rx = ry = 1.0 

- 
a ISOTROPIC  CORE 

1 1 1 I 
.2 .4 .6 .8 I .o 

‘Y 
Figure 1 7 . -  V a r i a t i o n   i n  X,, w i t h   c r o s s f l o w   s h e a r   f l e x i b i l i t y ;   n =  q = l ,  

k, = ky = X = 0, f / c  = 0.01, 1.1 = 0.3; s ide  edges  s imply  supported.  

95 



For example,   consider  the  simply  supported  panel.   Start ing a t  

rx = r = 0.2, A,, equals  325. If one   fo l lows   the   pa th  ry = cons tan t  

t o  rx = 0.4,  ry = 0 . 2   t o  ry = 1.0   (a long   the  rx = 0.4 curve),  and 

f i n a l l y  r = cons tan t   ( i . e . ,   1 .0 )   t o  rx = 1.0,  A,, ends  up a t  153, a 

change i n  A,, of 172 (53 pe rcen t ) .  O f  t h i s  amount, 29 percen t  i s  due 

t o   t h e  change i n  rx and 24 percent  i s  due t o   t h e   c h a n g e   i n  r Thus, 

f o r  a square   pane l ,   the  two s h e a r   f l e x i b i l i t y   p a r a m e t e r s   a p p e a r   t o   b e  of 

comparable  importance. 

Y 

Y 

Y '  

There i s  apparent ly  no e x p e r i m e n t a l   f l u t t e r   d a t a  for sandwich  type 

p a n e l s   a v a i l a b l e   f o r   c o m p a r i s o n   w i t h   t h e   r e s u l t s   p r e d i c t e d   b y   t h e   t h e o r y  

presented   here in .  The v a l i d i t y   o f   t h e   t h e o r y ' s   r e p r e s e n t a t i o n  of 

o r tho t rop ic   co res   such  as honeycomb, however ,   appears   to   be  es tabl ished 

by the   compar ison   be tween  exper imenta l   and   theore t ica l   v ibra t ion   resu l t s  

r e p o r t e d   i n   r e f e r e n c e  25. 
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V. CONCLUDING REMARKS 

On t h e   b a s i s   o f  s ta t ic  aerodynamic  theory,  an exact s o l u t i o n  i s  

o b t a i n e d   f o r   t h e   s u p e r s o n i c   f l u t t e r   o f  f l a t  r e c t a n g u l a r ,   b i a x i a l l y  

s t ressed  sandwich  panels .  The a i r f low i s  assumed t o   b e   p a r a l l e l   t o  

s imply  supported  s ide  edges.  The leading   and   t ra i l ing   edges  are e i t h e r  

simply  supported o r  clamped.  The  mathematical  model  describing  the 

panel   motion  includes terms which  account f o r  r o t a r y   i n e r t i a ,  face 

sheet  bending  deformations,  and t ransverse   shear   deformat ions   o f   an  

or thot ropic   core ,   such  as honeycomb. Numerical r e s u l t s  are presented  

i n   g r a p h i c a l  form t o   i l l u s t r a t e   t h e  effects  o f   t hese   phys i ca l   p rope r t i e s  

o n   t h e   f l u t t e r   s o l u t i o n .  For the  range  of   parameters   considered,   the  

fo l lowing   conclus ions   a re   no ted .  

The f ace   shee t   bend ing   s t i f fnes s   has  a n e g l i g i b l e   e f f e c t   o n   f l u t t e r  

i f  t h e   f a c e s   a r e   t h i n  compared to   t he   co re   t h i ckness .   In   such  cases 

f lu t te r   boundar ies   can   be   adequate ly   p red ic ted  by somewhat s impler  

t h e o r i e s   t h a t  t rea t  t h e   f a c e   s h e e t s  as membranes.  The face shee t  bend- 

i n g   s t i f f n e s s  becomes  more important as t h e   f a c e   t o   c o r e   t h i c k n e s s   r a t i o  

increases .   This  i s  e s p e c i a l l y   t r u e   f o r   p a n e l s   h a v i n g   r e l a t i v e l y  

f l e x i b l e   c o r e s .  

The combined i n f l u e n c e s   o f   r o t a r y   i n e r t i a  and co re   shea r  

f lex ib i l i ty   can   markedly   change   the   f requency   coa lescence   behavior .  

F a i l u r e   t o   a c c o u n t   f o r   t h i s  combined effect  c a n   l e a d   t o   s i g n i f i c a n t  

o v e r e s t i m a t e s   o f   f l u t t e r  dynamic p res su re   va lues .  The r o t a r y   i n e r t i a  

a l s o   c a u s e s   t h e   f l u t t e r   s o l u t i o n   t o   b e   s l i g h t l y   d e p e n d e n t   o n   t h e  

c ross f low  in-p lane   loading .  
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The d i r e c t i o n a l   s h e a r   s t i f f n e s s   p r o p e r t i e s   o f   t h e   c o r e  are of 

comparable  importance  for  square  panels.  As the   pane l   wid th   increases ,  

t he   impor t ance   o f   t he   shea r   s t i f fnes s   i n   t he   c ros s f low  d i r ec t ion  

decreases .  

A two-mode Ga le rk in   so lu t ion   g ives   t he   co r rec t   t r ends   fo r   t he  

f l u t t e r  boundary of a pane l   hav ing   an   o r tho t rop ic   co re   bu t   s ign i f i can t ly  

underes t imates   the   exac t   so lu t ion .   Also ,   an   ex is t ing   exac t   so lu t ion   for  

pane ls   having   i so t ropic   cores  i s  shown t o   b e   c o r r e c t   o n l y   f o r   c e r t a i n  

r e s t r i c t ed   ca ses ,   t he   so lu t ion   hav ing   been   ob ta ined  from a d i f f e r e n t i a l  

equation  and  boundary  conditions  which are incomplete.  

Ames Research  Center 

National  Aeronautics and  Space  Administration 

Moffet t   Field,  Ca l i f . ,  94035, March 1, 1971 
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V I .  APPENDIXES 

The fol lowing  appendixes   include  explanatory  information  concerning 

the   pane l   t heo r i e s   o f   r e f e rences   14  and  15, the  in-vacuo mode shapes,  

and the   Ga le rk in   so lu t ion   o f  reference 9 .  

A.  S t i f f n e s s  and I n e r t i a   P r o p e r t i e s  

The sandwich  panel  theory  of  reference  14 was developed   in  terms of 

o r t h o t r o p i c   s t i f f n e s s e s   t h a t  are def ined  by t h e   r a t i o s   o f   v a r i o u s  

i n t e r n a l   f o r c e s  and d is tor t ions .   For   example ,   the   bending   s t i f fness  

DX i s  def ined as t h e   r a t i o   o f  moment Mx t o   c u r v a t u r e  w when no 

o t h e r   f o r c e s  o r  moments a re   ac t ing .   This   approach  i s  a p p l i c a b l e   t o  a 

wide v a r i e t y   o f   p a n e l   c o n s t r u c t i o n s   ( e . g . ,  honeycomb core ,   cor ruga t ion  

s t i f f e n e d )   b u t   r e q u i r e s  a sepa ra t e   eva lua t ion   o f   t he   s t i f fnes ses .  

Y XX 

The sandwich   pane l   theory   o f   re fe rence   15   appl ies   to   an   i so t ropic  

pane l   cons t ruc t ion   fo r  which t h e  form  of   the   face   shee t  and co re   de fo r -  

ma t ions   a r e   spec i f i ed .  The s t r a i n   e n e r g y   o f   t h e   s t r u c t u r e  i s  expressed 

i n  terms of  t h e  assumed de fo rma t ions   so   t ha t   d i f f e ren t i a l   equa t ions  of 

equi l ibr ium  and  their   corresponding  boundary  condi t ions  can  be  obtained 

by a va r i a t iona l   p rocedure .  The c o e f f i c i e n t s   o f   t h e   v i r t u a l   d i s p l a c e -  

ments  appearing  in  the  boundary  condition  equations are expressions 

invo lv ing   va r ious   pane l   d i s to r t ions  (wyXx,  f o r  example)  and  the e las t ic  

and  geometr ic   propert ies   of   the   core  and f aces .   Phys i ca l ly ,   t hese  

c o e f f i c i e n t s  are the   boundary   forces   assoc ia ted   wi th   the   cor responding  

v i r t u a l   d i s p l a c e m e n t s .  Hence, they   can   be   used   to   def ine   the   pane l  

s t i f f n e s s e s .  

The approach  of   reference  15 i s  e a s i l y   a d a p t e d   t o   d e f i n e   t h e  

s t i f f n e s s e s   f o r  a panel   having   i so t ropic  face s h e e t s  and a core   wi th  
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or thot ropic   shear   modul i  (Gcx, Gcy).  (The e x t e n s i o n a l   s t i f f n e s s e s   o f  

t h e   c o r e  are neglec ted . )  The e x p r e s s i o n s   f o r   t h e s e   s t i f f n e s s e s ,   d e f i n e d  

i n   t h e  manner o f   r e f e rence  14, are g i v e n   i n   t a b l e  I .  

The sandwich  panel   theories   of   references 14  and 15 do not   inc lude  

i n e r t i a   f o r c e s .   I n c l u s i o n   o f   t h e   t r a n s v e r s e   i n e r t i a   l o a d i n g  i s  s t r a i g h t -  

fo rward ;   i nc lus ion   o f   i ne r t i a   l oad ings   due   t o   l ong i tud ina l  and r o t a -  

t i o n a l   m o t i o n s   r e q u i r e s   c a r e f u l   c o n s i d e r a t i o n   o f   t h e   p a n e l ' s   e l a s t i c  

deformat ions ,   the   pos i t ion  of i t s  cen te r   o f  mass, and i t s  e l a s t i c   a x i s  

l oca t ion .  

The pane l   de fo rma t ions   ( a s   cons ide red   i n   r e f .   15 )   occu r r ing   i n   t he  

x,   z-plane a re  i l l u s t r a t e d   i n   f i g u r e  18. The s lope   o f   t he   pane l  faces, 

aw/ax, i s  comprised  of a co re   shea r   con t r ibu t ion  (yc ) and  an  angular 

cont r ibu t ion   (aCx) .  The q u a n t i t i e s  and ac are def ined  with 

r e s p e c t   t o   t h e   c o r e   o r i e n t a t i o n   g i v e n  by t h e   l i n e   a b .   A l t e r n a t e l y ,  

aw/ax i s  comprised  of  the  angles yx and ax, which are  def ined   wi th  

r e s p e c t   t o   t h e   l i n e  cd  drawn  between the   midpoin ts   o f   the   face   shee ts .  

The angle  yx i s  r e l a t e d   t o   t h e   t r a n s v e r s e   s h e a r   s t i f f n e s s  D 

X 

YCX X 

QX , 
as d e f i n e d   i n   t h e  manner  of re ference   14 ,  by the   equat ion  Y ~ = Q ~ / D Q ~ .  

Thus 

QX a x = w  " 
QX 

, X  D 

g ives   t he   ang le  ax i n  terms of  w and Q,/DQ which are cons idered   to  

be unknowns i n   e q u a t i o n s   ( 1 ) .  From f i g u r e   1 8 ,  ax i s  a l s o   s e e n   t o   b e  

r e l a t e d   t o   t h e  x-components  of  the  displacements  of  the  face  midpoints 

(ul  and u2) by t h e   r e l a t i o n  

X 
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TABLE  I.- STIFFNESS AND MASS PROPERTIES FOR SANDWICH 

PANELS HAVING HONEYCOMB TYPE CORES 
I 

I Nonidentical Faces Identical Faces 

Eff 
12(1 - l?) ’ 1 2 ( 1  - 2 )  12(1 - lJ2) 

Dfl + Df, 
Ds 

Effc2(l + f)’ 

G,c(l + s) 2 

“ 

3 (l :J 
Pflfld: + Pf, f 2 d2 2 

E f c  
f 2  Ef ,flC 

Ef  1fl+Ef2f2 ’ Ef 1fl+Ef2f2 
c + f  
2 

c + f, 
dl - ~ 2 0.0 

I I I I 



FACE I 

FACE 2 

h * 
f2'2 I 

I 
I 

\ 

Figure 

BEFORE  DEFORMATION 

=- x,u 

-w,xf 
/ 

AFTER DEFORMATION 

18.- Deformed panel  geometry. 
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u1 - u2 
h ax = 

where h i s  the  dis tance  between  the  midpoints   of   the  two faces. 

The i n t e r p r e t a t i o n   o f  ax and i t s  r e l a t i o n   t o   t h e  e las t ic  axis 

can  be  determined  f rom  f igure  19.   This   f igure i s  a p l o t   o f   t h e  

x-components  of  the  displacements shown i n   f i g u r e   1 8 .  The midpoint 

displacement   of  face i i s  ui .  I t  i s  a s soc ia t ed   w i th   t he   ax ia l   fo rce  

Nxi a c t ing   on   f ace  i. The t o t a l   a x i a l   f o r c e  i s  Nx = Nx + NX2 which 

i s  used   t o   de f ine   an   e f f ec t ive   d i sp l acemen t  

- U l E f , f l  + U 2 E f 2 f 2  

E f , f l  + E f 2 f 2  
u =  (A3 1 

The u s e  of  equation (A3) t o   e l i m i n a t e   e i t h e r   u 1   o r   u 2  from 

equat ion (A2) g ives  

u l  = U + d lax  

~2 = u - d2ax - 

where 

f l  + f 2  d l + d Z = h = c +  2 

(A4 1 

The v i r t u a l  work o f   t h e   a x i a l   f o r c e s  Nxi i s  

6W = NxldUl + N, 6 ~ 2  
2 
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FACE I c 

FACE 2 d 
OF DISPLACEMENT* I - "2 -~ 

/ 

t 

Figure 19.-  Elastic a x i s   l o c a t i o n  and v a r i a t i o n  of  x-component 

of displacement   across   the  panel   thickness .  
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which, i f  equat ions (A4) are used, becomes 

Thus, t h e  work d u e   t o   t h e   a x i a l  face shee t   loads  Nx, and Nx2 i s  equiv- 

a l e n t   t o   t h e  work done  by  the moment of t hese   fo rces   ( abou t   t he   po in t  

def ined  by d l   (or   d2) )   ac t ing   th rough  the   angle  ax, p l u s   t h e  work 

done  by t h e   t o t a l   f o r c e  Nxl + NX2 ac t ing   th rough  the   d i sp lacement  ii. 

Hence, t h e  term d l   (o r   d2 )   l oca t e s   t he  e l a s t i c  ax i s   o f   t he   pane l   c ros s  

s e c t i o n .  

For face i, t h e   v i r t u a l  work o f   t h e   i n e r t i a l   f o r c e s   d u e   t o   t h e  

x and y components  of  the  middle  surface  displacements  (ui  and v i ,  

r e spec t ive ly )  i s  

a t 2  
x=o  y=o 

Inc lus ion   o f   t h i s   t e rm  ( fo r   bo th   f aces )   i n   t he   ana lys i s   o f   r e f e rence  15 

y i e lds   t he   fo l lowing   equa t ion   o f   mo t ion   fo r   t he   ro t a t ion   o f  a d i f f e r -  

ent ia l   e lement   about   the e l a s t i c  axes   perpendicular   to   the   xz-p lane .  

The l e f t  hand s i d e   o f   t h i s   e q u a t i o n   r e p r e s e n t s   t h e   r e s t o r i n g  moment 

about   the  elastic ax is   due  t o  t h e  e las t ic  f o r c e s .  The f i rs t  term on t h e  

r i g h t  hand s i d e  i s  t h e  mass moment o f   i n e r t i a  (I,) o f   t h e   f a c e   s h e e t s  
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a b o u t   t h e   e l a s t i c   a x i s ,   m u l t i p l i e d  by t h e   a n g u l a r   a c c e l e r a t i o n  of t h e  

f ace   shee t s   abou t   t he  elastic a x i s ;   h e n c e   t h i s  term can   be   in te rpre ted  

as t h e  moment d u e   t o   r o t a r y   i n e r t i a .  The las t  term o n   t h e   r i g h t  hand 

s i d e  arises because   the   cen ter   o f  mass does   no t   necessa r i ly   co inc ide  

with  the e las t ic  a x i s .  The quant i ty   (pf2f2d2 - pf f l d l )  i s  e q u a l   t o  

dcm(pflfl  + pf2f2)  where dcm i s  t h e   d i s t a n c e  from t h e  e las t ic  a x i s   t o  

t h e   c e n t e r   o f  mass o f   t he  two face   ‘ shee ts  and ( p f l f l  + p f 2 f 2 )  i s  t h e  

t o t a l  mass o f   t h e  two f a c e s .  The a c c e l e r a t i o n  a 2 i i / a t 2  i s  t h e  

a c c e l e r a t i o n   o f   t h e   e l a s t i c   a x i s   i n   t h e   x - d i r e c t i o n .  

1 

I t  i s  noted   tha t   equa t ion  (A7) i s  a p a r t i c u l a r   c a s e  of  t he   gene ra l  

vector   equat ion  of   motion  ( ref .  26) 

.. .+ 
Mp = Hp + Pcm X m r  

-4” -f -f 

P 

where Mp i s  t h e  moment o f  app l i ed   fo rces   abou t   an   a rb i t r a ry   po in t  p; 

% i s  t h e   t i m e   r a t e  of change of  angular  momentum about   p;  pcm i s  t h e  

-+ 

-f 

vec to r   d i s t ance  from p t o   t h e   c e n t e r   o f  mass of  a system of mass m; 

and r i s  the   acce le ra t ion   o f   t he   po in t  p .  In   equat ion ( A 7 ) ,  p o i n t  

p cor responds   to   the  e las t ic  a x i s .  

.. 
-f 

P 

The equat ion   of   mot ion   for   the   x -d i rec t ion  i s  

The term (E - dcmclx) i s  s imply  the x-component o f   t he   cen te r   o f  mass 

displacement.  

I t  i s  seen   t ha t   equa t ions  (A7) and (A8) are dynamically  coupled 

( i . e . ,  a 2 T i / a t 2  and a 2 c l x / a t 2  appea r   i n   bo th   equa t ions ) .  However, f o r  

t h e  case o f   i d e n t i c a l   f a c e   s h e e t s ,   o r  faces which s a t i s f y   t h e   r e l a t i o n  
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E f l  E f ,  "- - 

t h e  e las t ic  axis  and c e n t e r  of mass coinc ide  and the  equat ions  uncouple .  

I n   t h i s   c a s e   e q u a t i o n  (A7) r e d u c e s   t o   e q u a t i o n   ( l b ) .  Hence, t he   so lu -  

t i o n s   t o   e q u a t i o n s   ( l a ) ,   ( l b ) ,   a n d   ( I C )   t h a t  are obta ined   here in  are 

s t r i c t l y   a p p l i c a b l e   t o   p a n e l s   h a v i n g   i d e n t i c a l  face s h e e t s ,   o r  face 

s h e e t s   s a t i s f y i n g   e q u a t i o n  (A9) .   A l so ,   t he   s t i pu la t ion   t ha t  N, and Ny 

a r e   c o n s t a n t  assumes t h a t   t h e   i n e r t i a   f o r c e   d u e   t o   l o n g i t u d i n a l  

acce le ra t ion   o f   t he   cen te r   o f  mass i s  n e g l i g i b l e .  

I t  shou ld   a l so   be   no ted   t ha t   t he   i ne r t i a l   fo rces   due   t o   t he  

r o t a t i o n a l   a c c e l e r a t i o n s   o f   t h e   c o r e  and faces abou t   t he i r   midpo in t s  

have  been  neglected. For typical   sandwich  construct ion  of   l ightweight  

cores  and t h i n   f a c e   s h e e t s ,   t h e s e   i n e r t i a   c o n t r i b u t i o n s  are expected  to  

be   negl ig ib le  compared t o   t h e   i n e r t i a   o f   t h e   f a c e   s h e e t s   a b o u t   t h e  

e l a s t i c   a x i s .  

B.  Comments on Solut ion  of   Reference 27 
. .  . ~ . . = .  . " ._ -  ~~ 

I t  was noted  on  page 26 t h a t   t h e   t h i c k n e s s - s h e a r  and th i ckness - twi s t  

motions  are   due  to   the combined inf luence  of   core   shear   deformations 

and r o t a r y   i n e r t i a  moments. In   r e f e rence  27 t h e   f l u t t e r   a n a l y s i s   o f  

r e fe rence  5 ( i so t rop ic   co re ,   f ace   bend ing   s t i f fnes s  and r o t a r y   i n e r t i a  

neglected)  was e x t e n d e d   t o   i n c l u d e   t h e   e f f e c t s   o f   r o t a r y   i n e r t i a .  

Unfo r tuna te ly ,   t he   ana lys i s   o f   r e f e rence  27 i s  based   on   d i f f e ren t i a l  

equa t ions   t ha t  do n o t   p r o p e r l y   a c c o u n t   f o r   t h e   r o t a r y   i n e r t i a  moments. 

The moments d u e   t o   r o t a r y   i n e r t i a   a r e   p r o p o r t i o n a l   t o   t h e  

acce le ra t ion   o f   t he  rotat ion of   the   pane l   c ross   sec t ions ,   for   example ,  

ax, t t  
- - [ w , ~  - ( Q X / D q x ) ] ,  tt (see  appendix A) . In   r e f e rence  27, however, 
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t h e   r o t a r y   i n e r t i a  moments are t aken   p ropor t iona l   t o   t he   acce le ra t ion  of 

t h e  sZopes of   the   pane l   c ross   sec t ions ,   for   example ,  ( w , ~ ) , ~ ~ .  The 

r o t a t i o n  and t h e   s l o p e   o f  a c r o s s   s e c t i o n  are no t   equa l   un le s s   t he  

core   shear   deformation  vanishes  (DQ = m); h e n c e   t h e   a n a l y s i s   i n  

r e fe rence  27 l e a d s   t o   e r r o n e o u s   r e s u l t s   s i n c e  it i s  based  on  an 

i n c o r r e c t   d e s c r i p t i o n   o f   t h e   r o t a r y   i n e r t i a  moments.  For  example, t h e  

c h a r a c t e r i s t i c   e q u a t i o n   o f   r e f e r e n c e  27 i s  l i n e a r ,   r a t h e r   t h a n   c u b i c ,  

i n  w2 and  does  not   predict   the   thickness-shear   or   the   thickness- twist  

f requencies .  Also,  t h e  "bending"  frequencies are co r rec t   on ly  i f  t h e  

r o t a r y   i n e r t i a   o r   t h e   s h e a r   f l e x i b i l i t y  i s  neglected.   Consequent ly ,   the  

r e s u l t s   p r e s e n t e d   i n   r e f e r e n c e  27 are of   ques t ionable   va lue .  

C .  In-vacuo  Bending  and  Thickness-Shear ~~ Mode Shapes 
~ ~~ ~ 

f o r  a Simply  Supported  Sandwich Beam 

The two d i f f e ren t i a l   equa t ions   gove rn ing   t he  beam behavior (q = 0) 

are obtained  from  equation  (82).  

The d i f f e r e n t i a l   o p e r a t o r s  L i j  a re  g iven  by equat ions (83) except 

t h a t  a l l  te rms   involv ing   der iva t ives   wi th   respec t   to  y are omit ted.  

For  simply  supported  edges a t  x = 0 and x = a the  boundary  conditions 

are 
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Express ions   fo r   t he   t r ansve r se   de f l ec t ion  w and the   shea r   ang le  

y, t h a t   s a t i s f y   t h e   b o u n d a r y   c o n d i t i o n s  are 

w(x, t )  = Am s i n  - m-mx i w t  e a 

The above   expres s ions   fo r  w and y, a l s o   s a t i s f y   t h e   d i f f e r e n t i a l  

equat ions ,   p rovided   tha t  

r c 3 )  

For t h e   n o n t r i v i a l  case, equat ion (C4) i s  s a t i s f i e d  by equat ing  the 

de t e rminan t   o f   t he   squa re   ma t r ix   t o   ze ro .  The resul t ing  equat ion  can  be 

solved f o r  W' and y ie lds   the   fo l lowing   f requency   equat ion:  
2 

As i n   t h e  case of t h e   p a n e l  (Q > 0, eq.   (20a))   the  smaller s o l u t i o n   f o r  

W' (+r) g ives   t he   f r equenc ie s   o f   t he   bend ing  modes (iZi2), and t h e  

l a r g e r   s o l u t i o n  (-r) g ives   t he   f r equenc ie s   o f   t he   t h i ckness - shea r  

modes (Zi& . 

2 

2 
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The shapes of  the  bending  and  thickness-shear modes are obtained 

from t h e   r e l a t i o n  between Am and E+,,. This   r e l a t ion ,   de t e rmined  from 

equat ion (C4) ,  is  

o r  

When equat ions  (C6) are  used   in   conjunct ion   wi th   equat ions  ( C 3 ) ,  t h e  

f o l l o w i n g   r e l a t i o n  between t h e   s l o p e  of t h e  beam  (w,,) and the   shea r  

o r  

I t  i s  r e c a l l e d  from  appendix A t h a t  

w = ax + yx 
, X  
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where ax is  t h e  beam r o t a t i o n   a b o u t   t h e  e las t ic  a x i s .  The t r ansve r se  

d e f l e c t i o n  i s  thus  

w = J(.x + YxFX 

and i s  comprised  of a con t r ibu t ion   due   t o   ro t a t ion   and  a c o n t r i b u t i o n  

d u e   t o   s h e a r .  

fo l lows  : 

The p ropor t ion   o f   each   con t r ibu t ion  i s  determined as 

where equat ions (C7) and (C8)  have  been  used.  Thus,   the  relative 

c o n t r i b u t i o n   t o  w (or  w ) produced  by t h e   r o t a t i o n  i s  given by t h e  

f irst  term i n   t h e   b r a c k e t   o f   e q u a t i o n  (C9); the  second term g ives   t he  

, x  

r e l a t i v e   c o n t r i b u t i o n   d u e   t o   s h e a r .  Note t h a t   t h e   s h e a r   c o n t r i b u t i o n  

v a n i s h e s   f o r  r i  = 0 ( i n f i n i t e   s h e a r   s t i f f n e s s ) .   A d d i t i o n a l   i n f o r m a t i o n  

abou t   t he   shea r   and   ro t a t iona l   con t r ibu t ions  i s  revea led  by wr i t i ng  

equat ion (C5)  i n   t he   fo l lowing   fo rm.  
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For many pract ical   parameter   values12  the  magni tude  of   the  underl ined 

f r a c t i o n   i n   e q u a t i o n  (C10) has a va lue  much less than l . I 3  In  such 

cases equat ion (C10) can  be  approximated by 

which i n   t u r n   l e a d s   t o  

2 1 + (ri + Xt)m2 W' x 
TS rix + rm4 - m2ki 

and 

l2For   i den t i ca l  face shee t s  and f /c  5 0.632, 

P o s i t i v e   v a l u e s  of the  in-plane  load  parameter  are l imi t ed  by t h e  

buckl ing  value,  k; = T + [1/ (1 + r i ) ]  (for no a i r f low) .   For   l igh tweight  

cores  and i d e n t i c a l  face s h e e t s   t h e   r a t i o  X1/ri i s  approximately  equal 

t o  (Z)(;)(l -*p2)(1 + 

N u m e r i c a l l y ,   t h i s   r a t i o   o f t e n   h a s  a va lue   cons ide rab ly   l e s s   t han  1. 

130ne notab le   except ion  is when r:Tm2 >> X " r m 2  1. 
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where 

In many ins t ances  (J is  a l s o  much less than 1. For example, i f  

ki = 'I: = 0 then  a = m2X1/  (1 + rim2) < X /ri which i s  normally small 

compared t o  1. 

S u b s t i t u t i o n  of the   above   approximate   express ions   for   the  

thickness-shear   and  bending  f requencies   into  the  second of equat ions (C7) 

y i e l d s  

where (J has  been  neglected  with  respect  t o  un i ty .   S ince  ~ , ~ = a ~ + y ~ ,  

and s i n c e  no  term  on t h e   r i g h t  hand s ide   o f   equa t ions  (C14) can  be less 

than  zero,   the  approximate bounds on yx and ax are 

fo r   t he   bend ing  modes 
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The mode shapes   r e su l t i ng  from t h e s e   r e s t r i c t i o n s  on yx and ax are 

i l l u s t r a t e d   i n   f i g u r e s   3 ( c )  and 3 (dl f o r  the  bending  and  thickness-shear  

modes, r e s p e c t i v e l y .  

Numerical va lues  f o r  B' and Y ~ / W , ~  as p red ic t ed  by t h e  
2 

approximate  expressions  (eqs.  (ClZ),  (C13),  and  (C14))  and by the   exac t  

equations  ((C5) and  (C7)) a r e  compared in t a b l e  I1 f o r  t h r e e   s e t s  of  

parameter   values .  
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TABLE 11.- COMPARISON OF IN-VACUO  BENDING AND  THICKNESS-SHEAR 

FREQUENCIES  AND  MODE  SHAPES AS PREDICTED BY EXACT  AND 

APPROXIMATE  SOLUTIONS FOR A  SIMPLY  SUPPORTED  BEAM 

I 

i 
i 

Bending 
Exact 

Approximate 

Thickness-shear 

-~ 

Bending 

Thickness-shear 

Exact 

Approximate 

Exact 

Approximate 

Exact 

Approximate 

1 

0.0 

0.04 

0.01 

1 . 0  

2 

3.203 

3.208 

500.8 

504.0 

0.799 

0.800 

125.2 

126.0 

2 

-1.0 

0.04 

0.01 

0.1 

1 

1.894 

1.910 

1109 

1111 

0.0894 

0.0909 

110.8 

111.0 

3 

0 . 0  

0.0 

0.002 

0.2 

2 

8.867 

8.889 

4511 

4520 

0.443 

0.444 

225.6 

226.0 
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D .  Two-Mode Galerkin  Solut ion  of   Reference 9 

I n   r e f e r e n c e  9 a two-mode G a l e r k i n   s o l u t i o n   f o r   f l u t t e r  was 

~ 
~ ~ ". . " " " " . - . 

obtained f o r  a simply  supported  panel  having: 

1. Two t r a n s v e r s e   s h e a r   s t i f f n e s s e s  (DQ 

2. Two bend ing   s t i f fnes ses  (DX, DY) . 
3 .  Two P o i s s o n   r a t i o s  (ux, !Jy)  

4. A t w i s t i n g   s t i f f n e s s  DXy.  

DQ,) - 

For i s o t r o p i c  face s h e e t s  and an   o r tho t rop ic   co re   w i th   neg l ig ib l e  

bend ing   s t i f fnes ses ,   one   can   s e t   ( r e f .   14 )  

!J,=!J = ! J  Y 
DX = Dy = Ds (1  - p2) 

DXY = Ds (1 - P I  

By use  o f  t he   above   r e l a t ions ,   t he  two-mode s o l u t i o n   ( i n  terms of   the  

nota t ion   used   here in)  i s  given by 

Tr4 
4q 

A = - l  i2 - j 2 ( J - p ( i ) p ( j >  

where i and j are  i n t e g e r s  whose sum i s  an  odd i n t e g e r  and 

c3 (m) = c l  (m) k, - 2n2 
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The s o l u t i o n   f o r  X,, ( a t  a h / a w 2  = 0) i s  g iven  by 

x,, = - T4rl li2 - j21  [E(i) - E(j) + n 4 F ( i , j ) ]  8 i  j 

where 

and 

F ( i , j )  = c l ( j )  - c l ( i )  
c l   ( i ) c l  ( j )  

Equations  (Dl)  and (D2) p r o v i d e   a n   e s t i m a t e   f o r   t h e   f l u t t e r  

behavior o f  a simply  supported  sandwich  panel  having  an  orthotropic 

core  and i s o t r o p i c  face s h e e t s .  Note t h a t   t h i s   s o l u t i o n   d o e s   n o t  

a c c o u n t   f o r   r o t a r y   i n e r t i a ,   n o r   f o r   t h e   f a c e   s h e e t   b e n d i n g   s t i f f n e s s  

c o n t r i b u t i o n   t o  l a te ra l  e q u i l i b r i u m   ( i . e .  , X = T = 0 ) .  

For X = 0, equation  (Dl)  can  be  solved  for C2 and,   except   for  

the  absence  of T ,  y i e l d s   t h e  same in-vacuo  frequency  equation as given 

by equat ion  (18a) .   This   observat ion  a l lows  equat ion  (Dl)   to   be  wri t ten 

as 

where E = Z? - [(mi + w.)/2]  i s  shown i n  figure 20. The q u a n t i t y  Gig 
i s  the   in -vacuo  f requency   of   the   i th  mode ( i . e . ,  m = i i n   e q .   ( 1 8 a ) ) .  

I t  i s  s e e n   t h a t  X(E2) i s  symmetr ic   about   the  l ine (E: + Z?)/2.  

2-2 
J 

J 
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x 

Figure 20.-  Symmetric  behavior of two-mode Galerk in   so lu t ion .  
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